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REALIZATIONS VIA PREORDERINGS WITH APPLICATION TO THE SCHUR CLASS 
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Abstract. We extend Agler's notion of a function algebra defined in terms of test functions to in¬ 
clude products, in analogy with the practice in real algebraic geometry, and hence the term pre¬ 
ordering in the title. This is done over abstract sets and no additional property, such as analyticity, is 
assumed. Realization theorems give several equivalent ways of characterizing the unit ball (referred 
to as the Schur-Agler class) of the function algebras. These typically include, in Agler’s terminology, a 
model (here called an Agler decomposition), a transfer function representation, and an analogue of 
the von Neumann inequality. The new ingredient is a certain set of matrix valued functions termed 
“auxiliary test functions” used in constructing transfer functions. In important cases, the realiza¬ 
tion theorems can be strengthened so as to allow applications to Pick type interpolation problems, 
among other things. Principle examples have as the domain the polydisk D rf . The algebras then in¬ 
clude H°°( (where the unit ball is traditionally called the Schur class) and A[ O d 

the multivariable analogue of the disk algebra. As an application, it is shown that over the poly¬ 
disk D d , (weakly continuous) representations which are 2 d ~ 2 contractive are completely contractive 
(hence having a commuting unitary dilation), offering fresh insight into such examples as Parrott’s 
of contractive representations of AQD 3 ) which are not completely contractive. 


1. Introduction 

The classical realization theorem gives a variety of characterizations of those functions which 
are in the Schur class over the unit disk B in the complex plane C; that is, those functions in the 
closed unit ball of //°°(B). 

Jim Agler found a method for extending this result to the polydisk B d |2] , though for dimension 
d greater than 2, one must use a different norm than the H°° norm over an algebra of functions 
which potentially may be a proper subalgebra of //°°(B d ). The unit ball for such an algebra is now 
commonly known as the Schur-Agler class; the term Schur class usually being reserved for the unit 
ball of when X is a domain in C d . Among other things, the realization theorem states that a 

complex function p on the polydisk is in the Schur-Agler class if and only if it has a so-called Agler 
decomposition, expressing 1 — pip* as an element of a cone generated by products of certain pos¬ 
itive kernels and kernels of the form 1 — i^np*, where ip is a coordinate function. Other equivalent 
conditions for membership in the Schur-Agler class include the existence of a transfer function 
representation and a von Neumann type inequality for suitably restricted tuples of commuting 
contractions. The equivalence of all of these conditions makes no a priori assumptions about the 
function p, and it is this which enables the use of the realization theorem in such applications as 
Pick interpolation. 
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These results have been vastly generalized, in the spirit of Agler’s work (see, for example, f7jfT5T 
[T5ilT8ll26l[33lf34i[57il45l ). In particular, for a planar domain X with smooth boundary components, 
the necessary machinery has been developed to enable Agler’s methods to be applied to the study 
of and as a result, the settling of long-standing problems in operator theory related to these 

domains (3j [27] [28] ED] . When X is the polydisk B d , d > 3, far less is known, though important 
initial steps have been taken I30ll35l . A central goal of this paper is to give realization theorems for 
H°°{ D d ), and to apply it to elucidating certain phenomena observed in the study of commuting 
tuples of contraction operators. Following [[28], this is done abstractly, with the results for the 
polydisk constituting a special example. Indeed, the results cover a wide range of domains and 
function algebras on these domains, while at the same time demonstrating that assumptions of 
such properties as analyticity are in general unnecessary. 

The Agler decomposition has its analogues in real algebraic geometry. For example, if we have 
a set in R" consisting of those points at which a finite collection of polynomials is non-negative (a 
so-called basic semi-algebraic set), and these polynomials also include 1 — ip 2 where each ipi is a 
constant multiples of a coordinate function, then Putinar’s theorem |43] (see also |42j) states that 
a strictly positive polynomial is in the quadratic module generated by these polynomials; that is, it 
is in the cone generated by finite sums of squares of polynomials times the individual polynomials 
defining the semi-algebraic set. If however the polynomials 1 — ip 2 are not necessarily included, 
the statement of Putinar’s theorem is in general false, even if the semi-algebraic set is assumed to 
be compact [42]. However the situation can be salvaged in the compact setting by replacing the 
quadratic module by a preordering; that is, by considering the cone generated by finite sums of 
squares of polynomials multiplied by the various products of the polynomials defining the semi- 
algebraic set. This is the content of Schmudgen’s theorem [44]. Further refinements are possible. 
For example, if only two polynomials define the compact semi-algebraic set then one can get by 
with the quadratic module in Schmudgen’s theorem ([42] Corollary 6.3.7]), which because of Ando’s 
theorem is analogous to what happens in the complex case with Agler’s realization theorem. 

Back in the complex function setting, work of Grinshpan, Kaliuzhnyi-Verbovetskyi, Vinnikov 
and Woerdeman [|30] shows that on the polydisk for dimension greater than 2, one can recover 
the entire Schur class by using the appropriate variant of a preordering (see also Knese [35]). The 
caveat is that they find it necessary to assume that the function they are considering is already 
known to be in the Schur class, and so there is no direct application to Pick interpolation in the 
Schur class. 

Another hurdle to using the results in [30] for interpolation is that the crucial transfer func¬ 
tion representation is absent, though they do prove that a form of the von Neumann inequality 
is available. A particularly interesting aspect of [30] is that the tuples of operators the authors are 
considering have a unitary dilation, obtained by showing that they induce a completely contrac¬ 
tive representation of H°°( O rf ) and then applying the standard machinery. There are many papers 
which consider the problem of determining conditions under which a tuple of commuting con¬ 
tractions has a unitary dilation, including those of Ball, Li, Timotin and Trent [14] and Archer [9], 
which prove a multivariable form of the commutant lifting theorem. 

This paper has several goals. The first is to place the work of Grinshpan, Kaliuzhnyi-Verbovet¬ 
skyi, Vinnikov and Woerdeman in the context of test functions on a set X, in this way allow¬ 
ing for a much broader class of function algebras. For example, there will be analogues, written 
H°°(X, of the algebra H°°[ O). The set X can be topologized and closed in an appropriate 

norm, which allows us to make sense of the analogues A(X, of the disk algebra A(D), in this 
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context; that is, elements H OD {X, J^X^) which extend continuously to the closure of X. It is note¬ 
worthy that there are a priori no assumptions made on the set X or on the set of test functions 
(such as analyticity). 

To begin with, a careful examination of the continuity properties of elements of H°°(X, 
and A(X, is carried out. Following this, we introduce the auxiliary test functions. In contrast 

to the original test functions, which are taken to be scalar valued, these are matrix valued functions. 
Moreover, in the setting of the so-called standard ample preordering, the auxiliary test functions 
can be taken to be functions in matrix valued A(X, and the Schur-Agler class correspond¬ 

ing to these functions is the unit ball of f7°°(X, JkA s a consequence, we are then able to give 
a full version of the realization theorem, including the transfer function representation and ana¬ 
logues of the von Neumann inequality. Importantly, none of the realization theorems requires the 
assumption that the function under consideration is already in H°°(X, JkThus in principle, in 
the ample case such applications as Agler-Pick interpolation are possible. 

Even if the preordering is not ample, we show that elements of our generalized Schur-Agler class 
have a transfer functions representation, though it is not clear that everything with a transfer func¬ 
tion representation is in our algebra except in the ample and the classical settings. However, the 
transfer functions with values in A£ (Jtf?) do form the unit ball of an algebra having a natural matrix 
norm structure, and so form an operator algebra. This nicely complements work in |37], where it 
is shown that a collection of analytic (potentially matrix valued) test functions over a domain in C" 
generate an operator algebra, and that a transfer function representation exists for the functions 
in this algebra; that is, such algebras are examples of transfer function algebras. 

We are able to show that for transfer function algebras, certain types of representations (the 
so-called Brehmer representations over the analogue of the disk algebra and the weakly continu¬ 
ous Brehmer representations over the analogue of H°°) are completely contractive, implying the 
existence of a dilation of such a representation to something akin to a boundary representation 
(though without the assumption of irreducibility). This includes those representations which are 
contractive on the auxiliary test functions in the ample setting when we know these functions are 
in a matrix version of A[X, meaning that such representations are also completely contractive. 

As a consequence, any representation which is «-contractive for appropriate n (depending only on 
the number of test functions) will be completely contractive for A(X, Jk^). Curiously, the condition 
of being a Brehmer representation does not obviously imply that the representation is contractive 
on auxiliary test functions, though this is ultimately an outcome of the realization theorems. 

As mentioned above, the case when X is the polydisk is of particular interest. Then the ample 
preordering gives H°°(p d Since the auxiliary test functions are not given constructively, 

determining if a representation is contractive on these is in general difficult, but as mentioned 
above, n contractive representations will be completely contractive if n is sufficiently large. In 
the classical setting of Agler’s realization theorem for the polydisk the auxiliary test functions are 
simply the test functions, and by our definition, the Brehmer representations are in this case just 
those representations mapping the coordinate functions to commuting contractions. Such repre¬ 
sentations are also completely contractive on A(B d ) with respect to the appropriate matrix norm 
structure (something which can also be gleaned from results in (37]). At first sight, this might 
seem paradoxical given Parrott’s example of a commuting triple of contractions without a unitary 
dilation. However since the matrix norm structure is not that of H°° with the supremum norm, 
there is in fact no problem. Indeed, we show that there are choices in the Parrott example which 
give rise to a boundary representation (in the sense of Arveson), since it will be irreducible and 
not only will there be no commuting unitary dilation of the image of the coordinate functions, 
but in fact the only commuting contractive dilation is by means of a direct sum. Several other 
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matrix valued boundary representations are also explicitly given, one arising from and example 
of Grinshpan, Kaliuzhnyi-Verbovetskyi and Woerdeman 131], and another constructed from the 
Kaijser-Varopoulos example. It is also not difficult to see that the Crabbe-Davie example also 
gives a boundary representation. All of these send the coordinate functions to nilpotent matri¬ 
ces, though it can be shown that there must exist examples which are neither commuting unitaries 
nor unitarily equivalent to commuting nilpotents. 

Finally, we demonstrate that in the setting of ample preorderings, Ando’s theorem allows us to 
instead consider so-called nearly ample preorderings. With this we are able to recover the full ex¬ 
tent of the results of Grinshpan, Kaliuzhnyi-Verbovetskyi, Vinnikov and Woerdeman,and even gen¬ 
eralize it, and at the same time improve the result mentioned in the previous paragraph by proving 
that when d > 2, for n = 2 d ~ 2 , n-contractive weakly continuous representations of H co {X,X!\je) 
and n -contractive representations of A(X, ) are completely contractive. In particular, over the 

polydisk the images of the coordinate functions under such a representation will be commuting 
contractions with a commuting unitary dilation. Viewed another way, any example such as Par¬ 
rot’s of a representation of A(D 3 ) which is contractive but not completely contractive must fail to 
be 2-contractive. 

2. Test functions, preorderings, function spaces and topology 

2.1. Test functions and preorderings. Let X be a set, X6 a Hilbert space, and 'I' a collection of 
S£ (J’f) valued functions on X. We call ^ a set of test functions if for reX, sup, /ie4 , ||i/>(x)|| < 1, and 
when restricted to any finite set, T* generates all functions on that set (equivalently in the scalar 
valued case we are considering, Ti separates the points of X). We assume that the test functions we 
are dealing with are complex valued, though we later construct certain matrix valued test functions 
from these. 

There are many interesting situations where the collection of test functions is infinite 128|. How¬ 
ever, for this paper our focus will solely be on the situation when d = I'Ll := card 'I' is finite, though 
many of the initial results are valid in any case. This assumption has the advantage of allowing 
us to, among other things, avoid additional complexities in the proof of the realization theorems, 
since when I'Ll is finite certain representations in which we will be interested have a particularly 
simple form. 

We use standard tuple notation on 0^ N, cG tuples of non-negative integers ( n ;), endowed with 
the partial ordering n' < n if and only if fr < n, for all i. If n = (n, ) e 0^ N, we write \n\ for the 
sum of the entries of n. Also, we denote by e, the tuple with all entries except the i th equal to zero, 
while the zth is 1, and 0 for the tuple where all entries are zero, and 1 will stand for the tuple with all 
entries equal to 1. We use the notation i/> ,! to stand for ]~[ (/>"', where the product is over the n,- <s n 
which are nonzero. 

By a preordering we mean a finite set A c 0' / N with the property that for all i, e, < A for some 
AeA. This is at variance with the usual definition from real algebraic geometry, but happens to be 
more convenient in our context. The connection with the standard form should become apparent 
to those familiar with it. 

We will see in the next section that for the applications we have in mind, the preordering is not 
unique, and in fact there are two rather special preorderings associated to any given preordering 
A. The first is the minimal preordering A m , which is constructed from A as the union of all A e A 
such that if A' e A and A < A', then A' = A. In other words, the minimal preordering consists of the 
union of the maximal elements A. The other is the maximal preordering A m := {A e 0 l/ieiJ , N : A < 
A' for some A'eA}. Hence if A' e A and A < A', then A e Am- 
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We find it convenient to decompose any maximal preordering A M as a disjoint union (JJl f) Ay, 
where A e A j if and only if A = j . Thus the only element of Ao is 0, those in Ai are the e,;s, and so 
on. Set A+, A_ equal to the union over A ; s where the index is even and odd, respectively. Now for 
any A e Am, there are 2^1 elements Am which are less than or equal to A, half of which are in A+ 
and half in A . For the purposes of fixing a clear labeling on certain vectors later on, we use the 
ordering on T* to endow Am with the lexicographic ordering <t. 

Since d = I'Ll < oo, of particular interest will be the so-called ample preorderings. These are 
preorderings which have a largest element; that is, a unique maximal element, A m . When A m = 1, 
we call the resulting preordering a standard ample preordering. Thus if A is an ample preordering, 
the corresponding maximal preordering has the form A := {A e N d : A < A m }. A minimal ample 
preordering thus consists of a single element, A m = {A m }. 

Let A be ample with maximal element A m , and A 1 , A 2 < A m where A > A 1 or A 2 implies A = A m . 
Then for j = 1,2, A = At + . for some et, , where the addition is entrywise. A preordering A s c A 

with the property that A 1 and A 2 are maximal elements in A s is termed a nearly ample preordering 
under A m , and a standard nearly ample preordering when A m = 1. 

A simple (indeed, unique) example of a standard nearly ample preordering when d = |d>| = 2 
is A 1 = (1,0), A 2 = (0,1). For d = 3, there are three choices of minimal standard nearly ample 
preordering, such as for example, A 1 = (1,1,0), A 2 = (1,0,1). 

2.2. Kernels and function spaces. Write ,‘£ [■'//:'] for the bounded linear operators on a Hilbert 
space Jtf?, T£[X6, JT) for the bounded linear operators mapping between Hilbert spaces Pf 0 and 

X. 

Let be a collection of nx x nx matrix valued functions on X such that for each x, 

su p AeA ||o- A (x)|| < 1. (These will later be the auxiliary test functions.) Define bounded functions 
E x on A by E X [A) = (Jx[x). We use the notation Q,(A) for the unital C*-algebra generated by these 
functions. This is a finite dimensional algebra of dimension at most n\. As such, it is isomor¬ 
phic to a direct sum of matrix algebras, and consequently, any representation will be (isomorphic 
to) a direct sum of identity representations applied to these matrix algebras. More specifically, 
for p : Cf,(A) —» T£[8], there will be orthogonal projections Px with orthogonal ranges such that 
8 = ©a ran Px ® C"L and p[E x ] = © A Px ® cr A (x). 

Let s4 and ‘A be C* -algebras. A kernel Y: XxX —> (A, B) is called completely positive if for all 

finite sets <zX, {ai,...,a n } c and {b\,...,b n } c 33, 

n 

X! (r(x;,XjXa/<3*)k/,b/) >0. 
i 

A theorem due to Bhat, Barreto, Liebscher and Skeide [20j Theorem 3.6] shows that this is equiv¬ 
alent the the condition that for finite sets {xi,...,x„} c X, the matrix (Fjx,', xj )) is a completely 
positive map from M n [j£) to M n (fA), and that this is further equivalent to the existence of a Kol¬ 
mogorov decomposition for T. We state a special case of this suited to our purposes. 

Proposition 2.1. Letffi be a Hilbert space. The kernelT : X x X— »Jz?(Q,(A), Af(J'ff)) is [completely] 
positive if and only if it has a Kolmogorov decomposition; that is, there exists a Hilbert space 8, a 
function y '■ X —> T£[8,XE] and a unital *-representation p : Q,(A) —> T£[8] such that 

r( x,y][fg*] = y[x]p[f]p[gf y[yf 


for all f, g £ Cfo(A). 
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In the case of kernels k : X x X— * which corresponds to replacing C/,(A) by C, it follows 

from standard results on completely positive maps, that positivity implies complete positivity. The 
existence of a Kolmogorov decomposition of positive operator valued kernels is originally due to 
Mlak [38] . We use the notation Kj(C&(A), P£ (J^)) for the set of completely positive kernels onlxl 
with values in if (Q,(A),i? (J4 ?)). 

For a fixed preordering A, the collection of kernels 

JGa,j? := jfc : X x X— »: k > 0 and for each AeA, 

rT-teAj/O^ 1 ® * k > °} » 

are termed the admissible kernels. Here the kernel has all entries equal to the 

identity operator on Jtff, indicates the pointwise or Schur product of kernels, and ([1 ^ (,■//)] — 
[Ipi ® l^)X4'*i ® is the A;-fold Schur product of [1^ { ^)] -(t/q ® In 

the non-scalar case we interpret this Schur product as follows: for a kernel F over X x X, 

(([i^cjff)] -(V’f ® ® iy(^)F * f 7 ) (*,y) := 

More generally, if F = ff* and G = gg* are Kolmogorov decompositions of two positive kernels 
over Hilbert spaces & and ( S, respectively, then 

F* G(x,y ) = (/(x) ® g(x))(/(y) ® g(y)f. 

It is clear that the resulting kernel is positive. 

The kernels in . are then used to define the Banach algebra H°°(X, ^A,xe) consisting of those 
functions ip : X —> for which there is a finite constant c > 0 such that for all k 

(c 2 [lif(jt°)] — pp*)*k > 0, 

and || ip || is defined to be the smallest such c. We call the resulting algebra the Agler algebra and the 
norm the Schur-Agler norm. Denote the unit ball in this norm by Hf[X, This is referred to 

as the Schur-Agler class. In case the Agler algebra is isometrically isomorphic to H°°(X), the unit 
ball is usually simply called the Schur class. It is not difficult to see that the function 1 x equaling 
\<ew) at all x is in Hf(X, since = lxl*. If %{.■&?') = C, we write H°°{X, JfA) and 

Hf{X, JfA) for H°°(X, and FFf(X, ^A,xe), respectively. 

There are obvious modifications of these definitions which we will not explicitly state in the case 
of matrix valued test functions. For this setting, it will still be the case that the Agler algebra norm 
dominates the supremum norm. 

For p e iT°°(X, we can also define a norm by ||(/?||oo := sup xeX ||</>(x)||. This will in general 

be different from the norm defined above. Furthermore, since the kernel 

k{y ’ z)= [ 0 otherwise, 
is admissible, it is apparent that Halloo < \\p II- 

Two preorderings Ai and A 2 are equivalent preorderings if for all Hilbert spaces = 

Xa 2 ,ye, and consequently they generate the same Banach algebras. 

Lemma 2.2. Any preordering A is equivalent to both its minimal preordering A m and its maximal 
preordering Am ■ 

Proof. We prove the lemma when Jif = C, the other cases following in an identical manner. 
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It is clear that X\ V) c ,Xd K c ,%L \ m , so it suffices to ascertain that if Ic e and A e A M , then 

Y\ {l-ipi*p*) x, *k>0. 

AbA/^O 

Choose A' <E A m such that A 7 > A. We may assume that A 7 7 ^ A, since otherwise there is nothing 
to show. Hence there is some i such that p = ?/( i) — A( i) > 0. The kernel /c tJ , ; with 

4 i (^y)=(i-^Wi(y)T 1 =X , / , iW^rW' 

n 

is positive on X. The Schur product of positive kernels is positive, so if we set A = A 7 — pe^ (the 
arithmetic done in the standard way), we find that 

Y\ (1 -iPiip*)* i *k = kP.* ]^[ (1 — ipilp*)*' 1 *k>0. 

AbA/^0 AsA/t^O 

Continuing through those i such that A 7 ( /') > A(/), after a finite number of steps we achieve the 
desired result. □ 

Lemma 2.3. Given two preorderings Ai and A 2 , if for the corresponding maximal preorderings 
Ai iM ^ A 2 ,m> then ■>d:\ 2i .yr C Consequently, H°°[X ,C H^(X,.yd : \ 2r y/), with the norm 

of any element in the first algebra greater than or equal to the value of the norm of that element in 
the second. 


Proof If Ai,m C A2,m » then every element Ai e A \ : m is less than or equal to a maximal element 
Af eA2,M, and so the first statement follows by arguing as in the last lemma. The other statements 
are immediate from the definitions of the admissible kernels and corresponding algebras. □ 


We say that a kernel k is subordinate to another kernel k if there is a positive kernel F such 
that k = k* F. It is clear that if G is a difference of positive kernels such that G* k > 0 and k is 
subordinate to k, then G*k> 0. Hence if k is an admissible kernel, any kernel subordinate to k is 
also admissible. 

The admissible kernels are particularly simple when we are dealing with standard ample pre¬ 
orderings, since they are all subordinate to a single kernel. 


Lemma 2.4. Let A be a standard ample preordering over T = { ip ],..., ip ,1 }. Then every kernel in 
is subordinate to 


k s {x,y):= 


[ d \ 

1s£W)®Y\{X-^j{x)ipj{yTY l 

V J =1 


Proof Obviously k s is an admissible kernel, since it is the inverse with respect to the Schur product 
°f ~ ^r'MVb'Cl 7 )*))- Hence if k is an admissible kernel, so that(f7^ = 1 (l-(l^>(^)<8> 

«/q(x))(l^>{^)( 8 i?/)j(y)*))fc(x,y)) = (F(x,y)) > 0 , then k is seen to be subordinate to k s . □ 


The lemma implies that when A is a standard ample preordering, it suffices to check member¬ 
ship in H°°{X, against the single kernel k s . There is an obvious version of this for ample 

preorderings as well, but since we will primarily be interested in the standard case, we do not state 
it. 
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Corollary 2.5. ForX = D d with 'V = {z\,...,z r i\ the coordinate functions and A the standard ample 
preordering, H°°(X, £Cx,r/e) = H r)C (D d ,._£(.£")), and all admissible kernels are subordinate to k s ® 
1 !£{.w)> where k s is the Szego kernel 

d 

k s (z, w) = ]^[(1 - zi w *) _1 - 

i =l 

Proof. This follows from the observation that ip is in the unit ball of H°°(B d ,J£(J£)) if and only if 
([l.s?(.*?)]“ T ® ly’(jp)) > 0, where k s =n L j( 1 — ZjZ*j) 1 is the Szego kernel for the polydisk. 

□ 

2.3. The realization theorem for the Schur class of the disk and Agler’s generalization. The now 

classical realization theorem is an amalgam of various results, all characterizing the Schur class for 
the unit disk O (that is the unit ball of fT°°(D)). We state here the operator valued generalization 
(see, for example, HT5T ). 

Theorem 2.6 (Classical Realization Theorem). Letp :B —The following are equivalent: 

(SC) ([l^(^f)] - < pip*)* k s > 0, where k s (z, w) = (1 - zw*)~ x is the Szego kernel, or equivalently, 
ip &H™(B,J£(J£)); that is, p is in the Schur class; 

(AD) There is a positive kernelT :DxD-> P£(#6) such that p(z)p(w)* = T(z, w)(l — zw*); 

( TP) There is a Hilbert space 8 and a unitary operator U = ^ in P£(8 © Jff) such that 

p(z) = D+Cz(I-Az)~ 1 B ; 

(vN) For every T <e.‘£ (■"£), ■'£ a Hilbert space, with\\T\\ < 1, |^(T)|| < 1. 

The last item is a version of von Neumann’s inequality. If p e A(B ££(.'£)), the operator valued 
version of the disk algebra, then we may instead simply assume that ||T|| < 1 in von Neumann’s 
inequality. We interpret ip(T) as D + (C < 8 > T)(I — (A ® T))~ 1 B. The third item is referred to as a 
transfer function representation, and ( Z8, U) is called a unitary colligation. The terminology comes 
from systems theory. The second item is called the Agler decomposition. In this case it is a trivial 
restatement of the first item. It becomes less trivial in the next theorem, which in the scalar version 
is due to Jim Agler |2] (see |T9| for the operator valued case). We state it in terms of preorderings. 

Theorem 2.7 (Agler’s Realization Theorem for the polydisk). Fix d e N, A 0 = { ej\ d = { and let p : 
B> d —»Jzf(J'if). The following are equivalent: 

(SC) ([lif(^f)] — pp*)* k > 0 for all k <= £Ck°,ye, or equivalently p e Hf(X,Xt\,#e); that is, p is in 
the Schur-Agler class; 

(AD) There are positive kernelsTj : O x D —» P£(tXC), j = 1 ,...,d, such that 1 &(#>) — p(z)p(w)* = 
Y jj Tj(z,w)(l-z j w*); 

(TF) There is a Hilbert space 8 and a unitary operator U = ^ in , r £(8 (BM) such that for 
ze B d , 

p(z) = D + CZ(z)(I - AZ(z))~ 1 B, 
whereZ(z) = Xj z J p j an d £ ; - p j = l .££)i 

(vN) For every d-tuple of commuting contractions T = (!],..., T,i) with 7} e !£(:'£), .'£ a Hilbert 
space, with ||7}|| < 1, we have\\p(T)\\ < 1. 
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We interpret ip[T) in a similar manner as in the single variable case. As before, when (p E 
A[X, we may instead simply assume ||3} || < 1 for all j. Various examples, including that 

of Kaijser and Varopoulos [46j, show that when d > 2, the Schur-Agler class is a strict subset of 
the unit ball of H°°{B d ,L£{^F)). On the other hand, Ando’s theorem implies that when d = 2, 
H°°{X,X K 3 f) and H°°(B d ,£d (J*?)) coincide. 

One of the most useful aspects of the realization theorem is that it allows us to do interpola¬ 
tion BT9J. Since it particularly suits our needs, we state it in the setting of what is commonly known 
as tangential Nevanlinna-Pick interpolation. 

Theorem 2.8. Fix d E N, A 0 = {ej}^ =l and domain B> d . Let fi be a subset ofTS> d , and suppose that 
for Hilbert spaces and .# there are functions a,b : 11 —> such that for any admissible 

kernel k for H°°(X, restricted to LI, 

{aa* — bb*)* 1c > 0. 

Then there is a function (p E such thatb = (pa, where the multiplication is pointwise. 

The proof is essentially a reworking of the proof of the realization theorem, giving a function ip 
over Q with a transfer function representation such that b = (pa. The transfer function representa¬ 
tion immediately extends to all of B d , and so by the realization theorem, (p extends to a function 
in the unit ball of H°°(B d , X A o ^). 

The identification of H°°[X,AiL\ t ^) and H°°[B d when d = 2 in the realization theorem 

uses a version of Ando’s theorem ( 8 j for A[X, (the standard version of Ando’s theorem corre¬ 

sponds to the case when Jff = C), as well as a theorem of Arveson’s HOl . 

Theorem 2.9 (Ando’s theorem). Let n : A(B 2 ,LT(J£)) —> JzfpT) or n : H°°[ B 2 , be a 

unital representation with the property that\\n(lY(M‘)®Zj)\\ < 1 or\\n{\se(j?)®Zj)\\ < 1 , respectively, 
for j = 1,2. Then n dilates to a representation it such thatn[l Y(j?e)®Zj) is unitary, and consequently, 
n is completely contractive. 

Proof. For any F E /£{■■£), the constant function F <g> 1 is obviously in A(B> 2 ,S£ (■■£)). Thus n re¬ 
stricted to the constant functions induces a unital representation of and since .£{■■£') is a 

C*-algebra, the induced representation is contractive. 

Now suppose that n : A{B 2 ,L£{^Ff) —> if(JV) with \\n{\se[^e)® Zj)\\ < 1, j = 1,2. Let { e a } be an 
orthonormal basis for XT’. Define an operator q a p : Jzf(J'ff) —» C by q a p[P) := t^Fe a ,ep'). Note that 
q{F):=[q ap (F)) afj = F. 

Let (p E A(B 2 ,J£(J£)) and define ip a p E A(B 2 ) (the scalar valued bidisk algebra) by (p a p{z ) = 
rj a fi(sp(z)). By the standard form of Ando’s theorem, there is a pair of commuting unitary operators 
U = {U\, U 2 ) onif(JT) such that for all a, f , (p a p ( T) = Px y a p ( U )I X■ Thus 

(p{T) =q ® 1 )(</?( T)) = [(p a p {T)) ap 

=[Px<Pap{U)\x) ap = (p*{q a p ® )U) aP 

= Pxr® je T ( U) I xc • 


The easy direction of a result of Arveson’s [To] or the spectral mapping theorem and a bit of work 
then shows that n is completely contractive. 
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Next, suppose that n : H°°[ D 2 ,i?(J^)) —and \\n[\ <£(.&)& z j)\\ < 1, j = 1,2. Let n eN. Then 
Lr°°(D 2 ,if(Jf))( 8 )M„(C) = // 0 O (D 2 ,^f(Jf ra ))andfor 7 = 1,2, 


k (n) (l s ?(jf ? n ) 0z ; -)|| = 




— |k(lif(jr))|| < 1. 


It then follows from Theorem|2.7|that 7 i(") is contractive, and so n is completely contractive. □ 


Another fundamental theorem is due to Brehmer [22]. It states that a d -tuple of commuting 
contractions satisfying an extra positivity condition dilates to commuting unitary operators. 


Theorem 2.10 (Brehmer’s theorem). Let T = ( 1]T ( j) be a d -tuple of commuting contractions on 
a Hilbert space Jrff satisfying 

d 

!”J(1 ~ T i T*)>(), 

1 

where the product is in the hereditaiy sense (that is, adjoints on the right). Then there is a Hilbert 
space M containing -W: and a d-tuple of commuting unitaries U = [U \,..., Ud) such that for any 
polynomialp overC d , p[T) = P^p[U)\^. 

Because polynomials in p[C d ] ® L£[#f) are weakly dense in H°°[ O d , Jzf(Jif)), the same reason¬ 
ing as in the operator generalization of Ando’s theorem, coupled with Arveson’s result, gives an 
alternate version of Brehmer’s theorem. 


Theorem 2.11. Letn : — »Jzf(JT) or n : lT 00 (D d ,^f(J i f’)) — » T£[2/d) be a unital represen¬ 

tation with the property that 

d 

nu - n{zi ® l^f® 1 y'(jr)T) > 0, 

i =1 

where the product is hereditary (that is, adjoints on the right), is either positive or strictly positive, 
respectively. Also assume that either ® z j)|| < 1 or ||7t(l^f(^f}® Zj)\\ < 1, respectively. Then 
Ti dilates to a representation ft with n( 1 </{ ■//) ® zj) unitary, and as a consequence, n is completely 
contractive. 


There is a version of Brehmer’s theorem for standard nearly ample preorderings, but this re¬ 
quires further developments. 

Notice that Agler’s realization theorem (Theorem |2.7| with d = 2 and Corollary |2.5| tell us that, at 
least over the bidisk with the coordinate functions as test functions, the ample preordering and the 
(in this case, unique) nearly standard ample preordering are equivalent; that is, they generate the 
same algebra and norm. As it happens, we can extend this idea to the polydisk, and as we will see 
later, to more general sets of test functions and domains. This will be used to prove a generalization 
of the main result of [30] in Theorem |4.13| 

Theorem 2.12. Let be the set of coordinate functions over the polydisk O d , d > 2, A a the stan¬ 
dard ample preordering [so with largest element A m = (1,..., 1)), and A na a standard nearly ample 
preordering under A m . Then A a and A na are equivalent preorderings. 

Proof. When d = 2 this has already been shown. Hence we assume d >2. 

Fix a nearly ample preordering A na under A m = (1,..., 1). Recall that by Corollary |2.5| with the 
standard ample preordering, all admissible kernels are subordinate to the Szego kernel k s . Since 
this kernel is also admissible for the standard nearly ample preordering, any ip e H°°(ID d , ^A na ,M’) 
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is in H°°(I!) d , ^K a ,je) and the norm in the first algebra ||</>||„ a is greater than or equal to that in the 
second, \\ip\\ a . 

We now show that the two norms are the same on //°°(D d , ^). First of all, recall that A na 

has two maximal elements A™ and A" ! , which are A m with one of the Is changed to a zero in 
distinct places. By relabeling if necessary, we may assume that these are in the first two places. Let 
k 3 be the positive kernel defined by k 3 {z, w) = <8> 3 (1 — ziu*) -1 . This has a Kolmogorov 

decomposition k 3 = a a*, where a : , Jff). Any admissible kernel in J£\na then has the 

form k = k 3 * k', where for fixed z 3 ,...,Zd and j = 1,2, 


® (1 -zj w*)k 3 {z, w)k'{z, w)j > 0. 

This inequality is valid in particular for any positive kernel k' which is a function only of the first 
two coordinates such that for j = 1 , 2 , [\\<e{ 3 e)\ < 8>(1 - Zj w*)k'{z, w]j > 0; that is, by Theorems [2j| 
and |2.9[ the kernels for L/ 0O (D 2 ,if(Jf e )). 

Let ip € H™(JD) d , and define b : O d —» , Jf?) by the pointwise product b = a<p. 

Then for any admissible kernel k = k 3 * k' as above for the standard nearly ample preordering, 
Ql^>(^f)] - ipp*)* k > 0. For fixed z 3 ,...,Zd, {aa* - bb*)* k'> 0. By Theorem |2.8| we can also write 
b = aip, where as a function of only the first two variables, <p <E that is, is analytic 

and has sup remum norm less than or equal to 1. 

Fixzi,Z 2 £D, Set the kernel k' to be 


k\z w)-\ Wl = Zl and W2 = Z2] 

10 otherwise. 

Then k = k 3 * k' is admissible for the standard nearly ample preordering, and so ([l#^)] — ip ip*) * 
k 3 > 0. Hence for fixed Zi,z 2 , the function ip <E that is, as a function of z 3 ,...,Zd, 

ip is also analytic and bounded by 1. Being separately analytic in all variables and bounded, we 
conclude from Hartog’s theorem that ip e H nc {0 ,J Writing k d for the scalar Szego kernel 
on D d , it follows that 


([ln.x , )\-VV*Ml2>{jP)®k^) = {aa*-bb*)*{l2> i jf ) ®k 2 s ) = aa**([l2, i j ?) \-(pip*)*{l2> { j e) ®k 2 s )>0; 


that is, ip e iTJ°( B d ,J£(J'i?)). This shows that fT°°(D d , is a norm closed subalgebra of 

iT°°(I 'D d ,J£[M')) (with the same norm). 

To finish the proof, we note from the transfer function representation for H°°(TD d , J£a o ,^) from 
Theorem [2/7 that polynomials in the coordinate functions are weakly dense in H°°(TD d , ^). 


Since they are also weakly dense in H°°{B d ,S£ (J£)) and by Lemma 


2.3 


C H°°(D rf ,c H°°(D d , = H°°{B d ,^(J£)), 


the result follows. □ 

We finally mention an abstract version of the realization theorem for general domains and sets 
of test functions |28] which is also part of the inspiration for the work that follows. The theorem was 
only stated and proved for scalar valued functions, though the generalization to operator valued 
functions is straightforward, as we shall see. 
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Theorem 2.13 (Classical realization theorem). Let X be a set, 'I' = {(/.' /1 a ( not necessarily finite) 
collection of test functions on X, A = [ej], ■ 'A', the set of valued admissible kernels, and 

Hf(X,,yL : \ r y/ ) the unit ball of the algebra generated by the kernels in XZ in H°°{X, ZC A} ye)- Let ip : 
X —> )£(.'£"). The following are equivalent: 

(SC) <peH?{X,XAjr); 

{AD) There exists a positive kernelT : Co(^) — 8 ' L£{#Z) so that [ls?^)] — ipip* = r*([l] —£f*), where 
E{x){ipj) = fj{x); 

( TF ) There is a unitary colligation ( U,<S,p ), where § is a Hilbert space, U = ^ a unitary 

operator on f, © W andp : CoOk) —* ££{£) a unital representation such that ip has a transfer 
function representation 

ip{x) = D + CZ(x)(l^>( £ ) - AZ{x))~ 1 B, 

withZ{x) = p{E){x); 

( vNl ) p e H nc (X,.£ l \ i ,yt) and for every unital representation n of H x ‘{X,.'Af\ i ,/ ( >) satisfying 
\\n{ipj)\\ < 1 for all j, we have\\7i[(p)\\ < 1. 

( vN2 ) ip e H°°{X,PV X,^f) and for every weakly continuous unital representation n of 
H°°[X, X A ,xe) satisfying\\n{ipj)\\ < 1 for all j, we have\\n{ip)\\ < 1. 


Note that the second item (the so-called Agler decomposition) has a more familiar form in this 
setting when the set of test functions is finite; namely, we can rewrite this as — pip* = 

V • Tj * ([l^f(^f)] - i/qi/’p, where each T/ is a positive if (Jff) valued kernel, as in Theorem 2.7 A 
representation is weakly continuous if whenever {ip a ) is a bounded net in H°°{X, ZZ A ^) converging 
pointwise in norm to ip e H°°[X, ZZ A ,ye), {tt{ip a )) converges weakly to n{ip). 

Recall that in this paper we are taking the set of test functions to be finite. Thus Z has the simpler 
form 

Z{x) = ^ipj{x) p j , 
j 

where each Pj is an orthogonal projection and V. Pj = 1 


2.4. Topologizing X. In the construction of kernels and function spaces, we did not assume that 
the underlying set X has a topology, though even when it does have one, it will be convenient to 
take it to have the weakest topology making the test functions continuous. In most cases of interest 
the test functions are already continuous when X has its native topology, so this assumption will 
make no substantial difference, at least when X is compact in the original topology and the test 
functions extend continuously to X. 

Write H°°{X, J 6 a )* 0 for the vector space of continuous linear functionals on H 00 {X,JZa). The 
set Jf = {e £ H°°[X, J 6 a)*o : |e(»/OI = 0 for all ip £'&} is a subspace, and we write H°°{X,PZ A )* f° r 
the quotient space H°°{X,J£\)* 0 /ZT. The test functions induce a topology on H°°{X, JZ A )* with a 
subbase consisting of sets of the form 

U w ,c = {17 € H°°{X, JZ A f : sup 1 17 ( 1 / 1 )— w\ < c}, weD, ce(0,1). 

i/ie>S 

By construction the map E : X —* H°°{X, PZ A )* define by E[x]{ip) = ip{x) is an embedding by the 
point separation property of the test functions. With this topology H°°{X,JTa)* becomes a locally 
compact, convex topological vector space, and so is Hausdorff (in fact it has even stronger separa¬ 
tion properties, which we will not need). We identify the closure of X, X with the closure of E[X\ in 

H°°{X,JZ a )*. 
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The space H°°(X,JF\)* induces a weak-* topology on H°°(X, L/Fff* in which the norm closed 
unit ball of H co (X,.ytf\)** is compact by the Banach-Alaoglu theorem. By dint of being finite 'I' in 
H°°(X, Jtffj** is also compact. 

We also find that the test functions extend continuously to X. However it is not a priori evi¬ 
dent that the test functions will separate the points of X. However, this can be achieved simply by 
identifying those points in X which are not distinguished by the test functions. 

We could have carried out the same sort of construction replacing H co {X,Xf\^f by the space 
of bounded linear operators from H°°[X, to once again modding out by those maps 

q with the property that 17 (vl>) = {0}. Since any rf <E H°°(X, induces q e H°°[X, by 

q(p) = q'(ip ® 1 this essentially adds nothing new. 

By construction, H°°(X,Jk\,#e) is a norm closed subalgebra of Cb{X,L£{JF)), the C*-algebra of 
bounded continuous f£ (Jif) valued functions on X ; that is, a subalgebra of C([>X,/£{.#)), where 
j5X is the Stone-Cech compactihcation of X. However X generally tends to be quite a bit smaller 
than [3X. For example, if X = D rf and the test functions are the coordinate functions, X = D rf , as 
one would expect. 

2.5. Continuity and convergence in H°°[X, and A[X, With X topologized as in the 

last subsection, we can now address the continuity of elements of H co {X, (we show that they 

are all continuous) and connections between various topologies on H°°[X, and A(X, 

the subalgebra of H°°[X, which in analogy with the disk algebra, consists of those (continu¬ 
ous) elements of H°°[X, which extend continuously to X. When dealing with A(X,J#\,#e) it 

is convenient to assume that the test functions are in this algebra. 

Lemma 2.14. Lei '1' be a finite set and ip e H°°[X, Then tp is continuous; that is, if{x a ) is a 

net in X converging to x eX, ||y>(x a ) - </?(x)|| —> 0. Furthermore, given e > 0 and x eX, there is an 
open set U x 3 x such that for all ip e H°°(X, \\p{y)~ ip{y')\\ < e\\p\\ for ally ,y' e U x . 

Proof. Fix 0 < 5 < 1. By definition, for xel, sup^, e4 , \f{x)\ = 1 — e for some e > 0. In fact, for any 
e > 0, it follows that since 'F is a finite set, U x , e := iy e X : sup^, e4 , |«/’(x) - f(y) | < e} is a relatively 
open neighborhood of x. 

We claim that for e sufficiently small and y e U x , e , the kernel defined by 

{ 1 z = w= x or z = w = y, 

1-5 (z = x and w = y) or (z =y and w = x), 

0 otherwise, 

is an admissible kernel for H°°[X,AFa), and hence k x , y ® 1 is admissible for H°°[X, J£a^). We 
require that 

ffl 1) _ f f’Wipiyf}} f 1 i-5V 

Ilf i J {xp(yMxT fiyHiyf)J [i-s 1 J~ 

This will be nonnegative as long as (1 - 5) 2 |1 - f(x)ip{y)*\ 2 < (1 — - ip{y)ip[yY)- 

Since f(x)ip(y)* = ip{x\ip[x)* - (i/»(x) - ip[y))* ) and \ip{x)\ < 1, 

1 1 - 4>Wf(yY\ 2 =1 1 - ip{x)ip{x)* + ip{x)(ip{x) - | 2 

<(1 - xl>{x)ip{xf f + 2e(l - if{x)xp{xf) + e 2 . 

1 - fiyMyf > (1 - - 2e - e 2 . 
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Also, 



Hence it suffices to choose e so that 


(l-5) 2 (c 2 + 2ec + e 2 ) <c 2 -2ec-e 2 c, 
where c = f — ip(x)ip(x)*, or equivalently, so that 

-(c + (1 - 5) 2 )e 2 - 2c(l + (1 - 5) 2 )e + c 2 ( 1 - (1 - 5) 2 ) > 0 . 


This is a polynomial in e which is positive when e = 0, and so by continuity is positive for suffi¬ 
ciently small e > 0. In fact it is positive on the interval e e (0, d), where 


_ —c(l + (1 — 5) 2 ) + ^/c 2 (l + (1 - 5) 2 ) 2 + c 2 (c + (1 - 5) 2 )(1 - (1 - 5) 2 ) 
~ c + (l — 5) 2 

-(1 + (1 - 5) 2 ) + ^(1 + (1 - 5) 2 ) 2 + (c + (1 - 5) 2 )(1 - (1 - 5) 2 ) 

~ C 1 + (1 — 5) 2 


= c 


(c + (l-5) 2 )(l-(l-5) 2 ) 

—, 2^2 1 


(l + (l-5) 2 } 


> c(c + (1 - 5) 2 )(l - (1 - 5) 2 ) 

2(1 + (1 — 5 ) 2 ) 2 

> c5> 255. 


Fix ip e H°°(X, We may assume without loss of generality that ||</>|| = 1. Since k x , y is 

admissible, 

f 1 -<p{x)<p{x)* (l-sxi-^vcy)*)^ >n n n 

{[i-5Xi- v {yMx)*) i -<p(y)<p(yr ) 

Let with ||/z|| = 1, and set 

ci = ((1 - (p{x)ip[xf)h, h) > 0 , 
c 2 = (ip{xXip{x) - <p(y))*h, h ), 

C 3 = \\{<p{x) - ip[y))*h\\ 2 . 

Then positivity of the matrix in j2Tj implies the scalar matrix 

f Cl ( 1 - 5 )(ci + c 2 )V 

Ijl-dXd + c*) Ci + c 2 + c*-c 3 J- U ’ 1 J 

which is equivalent to 


(1 - (1 - 5) 2 )(c 2 + dc* + c 2 ci) - (1 - 5) 2 |c 2 | 2 > dc 3 . (2.3) 

Since 1 > c\, 2 > |c 2 | and 1 — (1 — 5 ) 2 > 25, it follows from ( |2.3| > that 

105-(l-5) 2 |c 2 | 2 >dc 3 , 

and so c 3 < 105/Ci when Ci 0. So if Ci > -/5, then c 3 < 10a/ 5. On the other hand, if Ci < v^5, then 
\\ip{x)h\\ 2 > 1 — -/5. Also, by 12.2) 


0 < 


( 1 - 


a/5 

5)(ci + c£) 


(1 —5)(ci + c 2 ) ^ < T "/5 (1 — 5)(ci + c 2 ) 

v^5 + c 2 + C 2 — c 3 J y^(l — 5)(ci + c^) 5 


Consequently, |ci + c 2 | < 5 a/ 5/(1 - 5), and so |c 2 | < 6V^5/(1 - 5). Then a/ 5 + c 2 + c* 2 - c 3 > 0 gives 
c 3 < 13\/5/(l-5). Thus ||</Xx)-(^(y)|| < 13 a/ 5/(1 —5) whenever y € U x , e . Note that by construction 
the set U x , £ is independent of the choice of ip e H^°[X, Xx,#e)- 
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Suppose (x a ) is a net converging toiGl. We saw that given 5 > 0, there is an e > 0 such that 
k X} y is an admissible kernel. Also, there is a ag such that for all a > ag, x a e. U Xye . Hence by what 
we have shown, \\p{x) - p[x a )|| < 13 a/ 5/(1 - 5). Since any open neighborhood of x contains a U Xy6 
for sufficiently small e, we conclude that <p is norm continuous. □ 


Lemma 2.14 ensures that the definition of A(X,JTa,j?) makes sense, though of course at this 
point we do not know if it consists of any more than the constant functions on X. In the concrete 
examples most commonly considered, it is also the case that the test functions are in A(X, 
and we will generally assume this to be the case, as well as that they separate the points of X. 


Lemma 2.15. The space H°°(X,J%\,#e) is complete in the norm topology, and its norm closed unit 
ball H^°[X,ATa^) is closed in both the topology ofpointwise convergence and the topology of uni¬ 
formly convergence on compact subsets ofX. 


Proof Let (p a ) be a Cauchy net in H co {X, For fixed x E X let k x be the kernel which equals 

1(jj?) in the (x, x) place and zero elsewhere. It is clear by definition of the test functions that this is 
an admissible kernel. By the assumption that (c p a ) is a Cauchy net, using the kernel k x , we see that 
(^a(x)) is a Cauchy net in T £and since this space is complete, (</? a (x)) converges in norm. We 
denote the limit by p{x). 

We show that the function p : x —»(/fix) is in H°°{X, Given e > 0, there is an a 0 such that 

for all a,fi > n 0 and any admissible kernel k, -{p a ~ PpXPa — Pp)*)* k > 0. From this we 

see that there is a constant c > 0 such that for all a > ao, ||</? a || < c 

Let F c X be a finite set. Given e > 0, choose a 0 as above, and also so that for all a > a 0 and 
x,y e F, 2c\\p a (x) - p{x)\\ + || p a [y)~ </>(y)ll 2 < e/|F| 2 . Letting I denote the kernel which is 
on the main diagonal and zero elsewhere, we have on F x F, 

(.c[lje(M?)\ + eI-<P<P*)*k 

= {c[l&W)] + el- (p a + [p - Pa)){p* a + {V~ </><*)*)) * k 
>(c[- p a p* a )* k + (e- (2c\\p - p a \\-\\p- p a \\ 2 )I* k 
>0. 

Since F and e are arbitrary, this shows that [c[l^^] — pp*)* k> 0, and so p E H°°(X, 

Suppose that p a —>p pointwise, where \\p a \\ < 1. Let k be any admissible kernel and F a finite 
subset of X. Given e > 0, there is some n 0 such that for all a> a 0 and all x e F, ||y> a (x) — </?(x)|| < e. 
Then for k = max XyyeF ||fc(x,y)||, 

((Qlif(^)] + v(x)p(y)*)k{x,y)) 

= (([1 + <Pa{x)ip a {yT)k{x,y) 

-2 (p a {x)(p(y) - p a [y)f + (<^(x) - p a {x))p a {yf) k{x,y ) - (y?(x) - p a {x)){p[y) - p a {y)fk{x,y)) 
> — ex(l + e)IpxF, 

which goes to zero as we take e to zero, showing that p e Hf(X,. '/T,\ r yg). 

Finally, ifp a —*p uniformly on compact subsets of Hf(X, then in particular it converges 

pointwise to p, and hence by what we have shown, p e □ 

Lemma 2.16. The algebra A(X, ) is closed in the norm topology, the topology of uniform con¬ 
vergence, and the topology ofpointwise convergence. 


Proof Let {p a )aeA be a net in A(X, JTa,jc) converging in norm in H°°[X, to p . We show that 

p £A(X,JbA y jr). 
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Let [xp ) be a net in X converging to x e X. By norm convergence, given any e > 0, there exists a 0 
such that for all ai,a 2 > «o and all /3, \\p ai ixp) —p a2 i x p)\\ < e - By continuity, Wpaiix)—p a2 {x)\\ < e, 
and so (</> a (x)) is a Cauchy net and hence has a limit, which we denote by ip{x). By continuity, tp[x) 
is independent of the choice of net {xp). 

We show that the function <p : x —» p(x) is continuous on X. Given e > 0, let V x be an open ball in 
S£{XP) of radius e/2 about p{x), and set U x = p~\V x ) nX, an open set in X. Then let U x be an open 
set in X such that U x nX= U x and note that x € U x . Let y E U x and construct U y in an identical 
manner. Obviously, U x n U y nX 7 ^ 0 , and so if we choose w in this set, e > \\p[x) — ip[w)\\ + \\p[iv) — 
^(y)ll > \\p{x)- </?(y)||. It follows that p is continuous onX. 

The last two statements follow from the previous lemma. □ 


2.6. Connections between H°°(X, XAa^), A(X, XAa,j?) and algebras over the polydisk. Suppose ei¬ 
ther that X has a topology in which X is compact (say for example, as a bounded subset of C d ) 
or that X is endowed with a topology as in Subsection 2.4 which then ensures the continuity of 
the test functions and compactness of X. In either case, we also assume that the test functions 
are in A[X, XAa) and that they separate the points of X. Then there is a natural identification of 
H co (X,XAa,m‘) and A(X, XAa, ye ) with certain subalgebras of bounded analytic functions over subsets 
of the polydisk, which we give below. 

Recall that by definition the test functions have the property that for iel, 

z = £(x) := (ipi(x),...,ipdW) €B d , 


and that the test functions separate the points of X, or equivalently, that f is injective. By the 
assumption that the test functions are in A(X, XAa, ye) and that they separate the points of X, which 
is compact, we have that £(X) = f2 c B d , and f[X) = f2 is a compact subset of B . 

Write 4<P d = jZi(z),.. .,Zd{z)}, z e B d , where Z/(z) = Zj are the coordinate functions, and take 
these as test functions over O. Let Xd he a Hilbert space and write for the admissible kernels 

in this setting, and Hf{XAj^f) for the associated algebra with unit ball In analogy with 

the Serre-Swan theorem, we have the following. 

Lemma 2.17. The map E, : X — > f2 c B d defined above is a homeomorphism. Consequently, given 
a preordering A and Hilbert space Xf, there is an isometric unital algebra homomorphism from 
H°°(X, XAa, ye) onto H°°[fl,XA]^) and from A[X,XAA,ye) ontoA[fl, XA^). 


Proof. Since E, is a bijection from X to f2, is well-defined, and so it suffices to show that E,~ l is 
continuous. Suppose not. Then there is a net {z a ) aS A converging to z in H such that x a = £ _1 (z a ) 
does not converge to x = E~ ] {z). Hence there is an open set U containing x with the property that 
for all a in A, there exists f > a such that xp f U. The set B = {/3 <E A : xp f U] is thus a directed set. 
Since X is compact, there is a subnet (x r ) r<E r of ( xp)p S B converging to some x/x. But the subnet 
(z r ) r er converges to z, and so Efx) = c(x), contradicting the injectivity of c. 

It is then clear that for /cP d € XA^, k defined by k(x,y) = fcP d (£(x), f(y)) is in XAa, ye, and simi¬ 
larly, that for k € XAa, ye, kv d defined by k pd (z, w ) = A;(£ -1 (z), £ _ 1 ( w )) is in XA^, giving a bijective 
correspondence between the sets of admissible kernels. It follows easily that v : H°°(X, XAa, ye) —» 
H°°{n,Xr£%) given by v(p)(z) = </?(f _1 (z)) is an isometric unital algebra homomorphism and that 
v{A{X,XA K ^)) = A{Al,XAl%). □ 

Corollary 2.18. Let A be an ample preordering and F a finite subset ofX. Then the Szego kernel 
restricted to F x F has closed range. 
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Proof. Since the statement is true over the polydisk and the above map £ is injective, the result is 
immediate. □ 

2.7. Auxiliary test functions. Let 0 < A e A. Define two C 2 ' Ahl valued functions by 

= row A / eA+ ,A'<M («/> A ') and ip x (x) = row A / eA _, A /< <A (i/' A ') ; 

that is, i/>t has entries consisting of products of even numbers of ips (counting multiplicity) taken 
from while ij f has entries consisting of products of odd numbers of ip s (counting multiplicity) 
taken from ip' A . We order these in increasing order, so that the first entry of ipt is 1 (corresponding 
to 0 <( A). 

By construction, for A e A, 

nan ='I’lW'i’ftyT - 

AjGA 

and for each xeX, 

A/gA 

From this we see that \ip x [x)\ 2 = ip x [x)ip^{x)* > 1. For ip x {x) = |i/^(x)|va(x) the polar decomposi¬ 
tion of ip x {x), we set 

<wa(x) := va(x)* |^J(x)| _1 = ip x (xf |j/>+(x)|“ 2 . 

Then j/>J(x)&>aM = 1. Note that ||o>a(x)|| = |«/’ A (x)| _1 < 1. Dehne 

cta(x) := cox{x)ip~ x {x) = ?/’+(x)*|?/^(x)r 2 i/^(x) e M 2 W -i(C). 

Obviously for all xeX, 

«/>+(x)(Ta(x) = ?/^(x) and ||cta(x)|| < 1 . 

As defined, cr A(x)(ran?/>jj*(x)) c r/»+*(x) and a A(x)(ken/’^(x)) = {0}. Additionally, if the test func¬ 
tions are in A(X, JkX), then cta <e C(X, M„(C)) where n = 2AI- 1 . 

Let n = 2AI- 1 and \ n be the identity matrix on C". Then 

MK*Vn]-*xoV*{k*l n yKx,y) 

=ip\{x){{k{x,y ) <S> 1„) - <JA(x)(k(x,y) <g> l n )(Txiyf)^ A (y)* 
=f't^x\k{x,y)®l n )f\[y)* - ipl{ x \k{x,y)® l n)f\[y)* 

= (XL i ^M-'Pi'Pd Xi * k )(x,y). 

We call the functions <7 a, Ae A auxiliary test functions. The last calculation shows that we ap¬ 
parently only have positivity of ([1„] - <r )<T* } )*(k ® 1„) after taking the Schur product with V’aV'a*, 
though clearly ax € H°°[X, Xff) if A = ej for some j , since when |A| = 1, the auxiliary test functions 
are just the ordinary test functions. We examine this point more closely in the next section. 

Fixing x,yel, we use the above to construct certain continuous functions over A. In particular, 
define 

£ ,± (x)(A) = ^ a (x) 

d 

D{x,y){X) = Y\{l-ipj{x)ipj{y)*f'’. 

7=1 

Then 

£ + (x)(A)£ + (y)(Af - iT(x)(A)fr(y)(A)* = D(x,y)(A), 
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(2.5) 



and E+{x\X)E+{x){X)*> 1. 


2.8. Auxiliary test functions for ample preorderings. We show in this subsection that when A 
is an ample preordering, the auxiliary test function ax can be modified so as to obtain a matrix 
valued H°°(X, fidfi) function. 

Theorem 2.19. Assume that >1' is a finite collection of test functions over a set X, A an ample p re¬ 
ordering with maximal element X m . Then for Ae A, n = 2AH, the auxiliary test function a x canbe 
defined so that{[\ n ] — axaf)*[k s <S> 1«) > 0 and for all x E X, ||cta(jc)|| < 1; that is, ax e a,c")- 
If the test functions are in A(X, Xfifi), then we have ax E A{ JtA.c" )• Furthermore, k E if and only 
*/([!«] — ax m a* X m)*{k ® l n ) > 0, n = 2^ m l _1 . As a consequence, if we define a positive kernel k\ by 
kfix,y) = (1 - ax m (x)cr x m (y)*) —1 > then p E H“(X, zfand on/y i/([l„ ® l&wj] -(1« ® <?)(!« ® 

</>)*) *(fcA®l^?(jjf))>0. 

Proof. Fix AeA and let F be a finite subset of X. Let n = 2l*l -1 . We have a Kolmogorov decompo¬ 
sition of the Szego kernel 

d 

k s {x,y) = l n ® ]^(1 -ipj{x)\pj{y)*Y l = Kfix)K s (y)*, 
j =i 

where x s (x): —» C n , and 8 is a Hilbert space equal to the closed span over x E X of the functions 

k s {x)*. 

Write kp for the restriction of k to F x F and let 8p = \J xeF k s {x)* c 8. By Corollary|2.18| kp has 
closed range isomorphic to C n ^ F K Denote by Kp the column over xefof k s [x) restricted to 8p. 
Then ran k* p = 8p and k p k* f = k F . Let be a matrix with diagonal elements i/>t(x), which maps 
from the range of k f , and let P F be the orthogonal projection onto the range of Also write a p 
for the direct sum over xeFof a-fix). Define 

Q f = k~ f 1 P+k f and G° P = P ianQ * F K~ P l a f k F . 

Here P mn Q* F is the orthogonal projection onto the range of Q* P . 

It is clear that Q P is a (not necessarily orthogonal) projection. Also, = ^PpKp = ^ p k f Q p 
and k f G p = a F K F = P p a f k p = k f Q f G p . Now, 

0<'f+{k F -a F k P a* P )V+* 

= V+KpQpi 1 - G° p G^)k* p Q* p ^+*, 

and so P Yan Q* F - G P G°fi > 0. Consequently, ||G£|| < 1. 

Let 

fin- = [Gf eJfi(8 P ): ||Gi?|| < 1 and P ian Q* F Gp = G^.}. 

This is a compact subset of the unit ball of T£{8p), and for any Gp E ^ F , 

- g f g* ; )k*^+* = * + f k f Qf( 1 - g / ,g*)k-;.q;,vf+* 

= V+(kF-apkFa* F )V+*>0. 

If we define 

SAp = |Sf (ran kp): Sf = kpGfk~ f 1 for some Gf e •%?}, 
then by construction this set is nonempty, k F -SpkpS* P = k p [ 1 - GfG* f )k* p > 0, and 

* + F (k F - SpkpS* F n>+; = *+(k F - apk F a* P )y+* 

= ((^K**([!«] - axa\)*lc s \x,y)) x y sp . 
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( 2 . 6 ) 




The set Sf F is isomorphic to ^ F , and so is also compact. It is natural to define the norm of 
Sp <E Sfp to equal the norm of the associated Gp^^p. If F' z> F and Gp' <E <§&, then since k p is the 
restriction of k p > to S F , Gp := Pg F G F ' e ^ F . Thus for S F * = k F 'G F 'K~} and S F = KpGpKp 1 , the map 
Tip : Sfp' —»Sfp dehned by 

n F (Sp') = Sp 

is contractive and so continuous. Let & be the collection of all finite subsets of X partially ordered 
by inclusion. The triple {5^p,n^ is an inverse limit of nonempty compact spaces, and so by 
Kurosh’s Theorem [4] p. 30], for each Fef there is an S F € , C / F so that whenever F, F' e & and 
F c F', 

n’p((S l ,)) = (S l ,). 

We can thus dehne o\ on X by 

cr A (x) = S w . 

By construction, 

([1„]-<7 A ct*)*^>0; (2.7) 

that is, &x e J 6 a, c « )• 

It follows in particular from (2.7) that for any kernel k subordinate to the Szego kernel k s and 

n = 2W n \~\ 

([ 1 71 ] —Ox m o\ m )*{k ® \n) > 0 . ( 2 . 8 ) 

Also, by (2.6) any kernel k for which (2.8) holds is subordinate to the Szego kernel. Hence the 
collection of auxiliary test functions constructed gives the same set of admissible kernels, and so 
generates H X {X, with the same norm. 

Let A = A m , with <r A constructed as above. For the time being, we assume A = {A m }. Suppose 
that x e X has the property that ||cr A (x)|| = 1. Since cr A (x) e M„(C) for n = 2^~ l < oo, there is some 
/eC" such that ||cr A (x)/|| = ||/|| = 1 . 

The test functions all have absolute value less than one in X, so for y 7 ^ x e X, the Szego kernel 
satisfies k s {x,y) 0 and k s {x,x) > 0, and by Corollary |2. 1 8| when restricted to the two point set 
{x,y} c X, k s is invertible. Consequently, k s (x,y) = fc i (x,x) 1 / 2 gfc i (y,y) 1 / 2 , where |g| < 1. 

Let k s {x,y ) = (k x , k y ^ be the Kolmogorov decomposition of k s . Since (2.7) holds over the set 
{x,y}and 

(/® k x ,f<8> k x ) - <cr A (x)/< 8 » k x ,ox{x)f® k x ) = 0 , 

it follows that 

( f®k x ,f®ky}- (cf A (x)/ ® k x ,ox{y)f ®k y )= 0 . 

Hence there is an isometry V such that cr A (x)/ = cr A (y)/ = Vf. 

Define the M„(C) valued kernel k(z, w) to be equal to Pj, the projection onto the span of / if 
z,w e {x,y}, and 0 otherwise. Since Ql„] — oxo*^)* ic = 0, fc is admissible. On the other hand, to 
be admissible, it must also be the case that there is some positive kernel F such that k = k s * F. 
Obviously, F{z, w) must be zero ifz, w £ {x,y} and F{z,z)= k s {z,z)~ 1 ®Pf for z = x ory. Positivity 
then implies that F{x,y) = (k s (x,x) _ 1 g / A; s (y,y) _ 1 )( 8 >P/ with |g'| < 1. Hence {k s *F)(x,y)= gg'Pf ^ 
Pf, giving a contradiction. We conclude that for all x, ||cr A m(x)|| < 1. 

Now suppose that A is any ample preordering. If A e A, A 7 ^ A m , has the property that at some 
x, ||cf A (x)|| = 1 , then an identical argument shows that the norm is achieved on a subspace FF, and 
that there is an isometry V such that for all /e FF and allyel, cr A (y)/ = Vf. Consequently, we 
can change by so that b; (y )/ = 0 for all y e X. Testing against the Szego kernel, it is clear that the 
resulting function is still in H°°{X,XFx t c n ) for appropriate n and now satisfies |by_(x)|| < 1 . □ 


19 




Corollary 2.20. Let d e N and n = 2 d 1 . There is a function cr <E HflD 1 ', M n {C)) such that the 
set of positive kernels ZZ with the property that k e ZZ if and only if[[ 1„] — crcr*)* k > 0 are aZZ 
subordinate to 1„ ® where k s is the the Szego kernel 0/ ? =iU — z i z *j)~ 1 ’ an ^ so H°°0= 
H°°( B d ,L£{ZZ)). 


Proof. This is a consequence of the last theorem and 2.5 


□ 


2.9. Representations of Q,(A). As noted previously, since |A| < oo, a unital representation p : 
C/,(A) —> Z £(<?), § a Hilbert space, will have the form 

p(/) = ^P A ®/(A), 

AeA 

where the P;s are orthogonal projections with orthogonal ranges and V ;cA ran Px ® C 2 ^~i = A. We 
then naturally define 

Z ± (x) := ^ Px ® P^xXA) = ^ Pa ® 

AeA AeA 

and 

R(x,y) = p(D(x, y)) := ^ P x ® D(x,yXA). 

AeA 

It follows that 

Z + (x)Z + (y)*— Z~(x)Z~(y)* = R(x,y), 

andZ+(x)Z+(x)* > 1. In particular, Z + (x)Z + (x)* is invertible. 

The operator Z+(x) has a right inverse given by 

Y{x) := ^ P x ® u>aM = ^ P? ® 

AeA AeA 


and so P(x) = F(x)Z+(x) is the orthogonal projection onto ranZ + (x)*. 
Setting 


S(x) := F(x)Z (x) = ^P a ® CT a(x), 

AeA 


we have Z (x) = Z+(x)S(x). Also, since P(x) F(x) = F(x)Z+(x) F(x) = F(x), we have P(x)S(x) = S(x). 
Thus 


1 - S(x)S(x)* = 1 - F(x)Z“(x)Z“(x)*F(x)* 

= 1 -P(x)P(x) + P(x)P(x)- F(x)Z-(x)Z“(x)* F(xf 
= 1 - P(x)P(x) + F(x)Z + (x)Z + (x)* F(xf - F(x)Z - (x)Z“(x)* F(xf 
= 1 - P(x)P(x) + F(x) (z + (x)Z+(xf —Z _ (x)Z“(x)*j F(x)* > 0. 


In case the preordering is ample, in the definition of S(x) we may use Theorem 2.19 to replace 
ctx by a corresponding element of H°°(X, ZZ K c2 w-i ). 

We summarize in the following lemma. 
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Lemma2.21. Let xel. 

(i) Z+(x)Z+(x)* -Z-{x)Z~{xf > 0. 

{ii) The operator Y(x) is a right inverse ofZ + (x) and P(x) := Y(x)Z + (x) is the orthogonal projec¬ 
tion onto ran Z+(x)*. 

(iii) The operator S{x) = Y{x)Z~{x) : ranZ _ (x)* —» ranZ+(x)* (or a corresponding element of 
H°°(X, JT ac 2 iai-i) in case of an ample preordering) sa tisfies Z~(x) = Z + (x)S(x) and has the 
property that\\S{x)\\ < 1. 

Although it has not been explicitly indicated, it is worth bearing in mind that Z + , Z~, S and so 
on, depend both on A and the choice of representation, and we will at times make this dependence 
explicit by writing Z+ p , Z“ p , S A , P , etc. 


3. Transfer functions, Brehmer representations and dilations 


3.1. The transfer function algebra. In the standard manner, we define a Q,(A)-unitary colliga¬ 
tion 5Z as a triple ( U,8,p ), where 8 is a Hilbert space, U = ^ e Xt{8 © XT) is a unitary 
operator, and p : Q,(A) —> S£(8) a unital ^-representation. 
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Definition 3.1. Assume the notation from Lemma 
define the transfer function V\X : X—»ST [XT) associated to Y as 


Given a C/,(A)-unitary colligation Y, we 


VW(x) := D + CS(x)(l - AS(x)) -1 B, 


where S = S\ if) . Write 

TTfiX, A, XT) •= { V\k : Y. a unitary colligation }, 

and X(X, A, XT) for the scalar multiples of elements in X\[X, A, XT). It is clear that W e X(X,K,XT) 
will not in general be uniquely represented as a multiple of a single element of X\[X,A,XT). For 
WeX(X, A, XT), define a norm by 

|| W\\ := inf{c > 0 : W = c Wx for some unitary colligation Y.}. (3.1) 

(We show in Theorem |3.3| below that || • || on X[X,A,XT) really is a norm.) Finally, we write 
X A (X,A, XT) for the set of those W e X(X,A,XT) which extend continuously to X 


The formula gives the standard form of the transfer function when A = Ai = {e^}. Again, one 
should bear in mind that S depends on p. 

More generally, we might also consider C/,(A)-contractive colligations by allowing U to be con¬ 
tractive rather than unitary, and then likewise define a transfer function. As it happens, this does 
not enlarge the collection of functions we obtain through the apparently more restrictive unitary 
colligations, since any any contractive operator has a unitary dilation. 


Lemma 3.2. Let WX : X —» ST [XT) he a transfer function obtained via a contractive colligation Y. = 
( U,8,p ). Then there is unitary colligation £ = ( U,8,p ) such that VI X = Wr. 


Proof At least one of the projections, say P\ a will be nonzero, so we take g to he a unit vector 
from its range. Let [afi be an orthonormal basis for C' u °, where nx a = 2^~ l , and define SI = 
\Jjig ® nj). Elements of SI have the form e = fijg® aj, where fi = (fij) e C" A °. In addition, if 

e ' = Xj P'jg® a i ’ then ( e '« e ) = X/ P'jPj■ 

By assumption, 

U = \C Dl :<? ® 
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is a contraction. Let 



be defect operators for U and U*, respectively (so 1 - U*U = DuD* u and 1 - UU* = DuD\j with 


defect spaces = ranD^ and 0>u = ranD^), and 


L* Dn 
Du U J 


the corresponding Julia operator, 


which is unitary from © (8 © £8) to S'u © (8 © Jff). Then there is a unitary dilation of JJ of the 
form 




where unspecified entries are 0 and the blocks act on (JT 2 " a ° 1 ©<?)© JT = •••©@u©®t/©2 >t/© 
a direct sum of defect spaces. The operator S 2 is a unitary operator on Jf © X defined as 



(Here we have made the obvious identification of the direct sum defining X written in the forward 
and backward direction with and reversed.) 

Let 8 = (JT <8> 8) © 8 . Define an isometry Q : X © SI —> JT 2 ' u ° “ 1 by 

Q(/c©e) = (/3i k,0 ,/J 2 k,0 . P,n 0 -ik } 0 ,/3, Uo k), where e = ^(3jg®aj, 

j 

extending linearly. Let P to be the orthogonal projection onto (ranQ* © 8 © Jrff) 1 - in 8, and set 

U=P®{Q*®P S ® Pje)U\Q © Pg © Pye\ 

22 



where Pg, are the orthogonal projections from onto 8 and .W:. This is unitary on S 

We view it as a colligation by setting 

A = P®{Q*®P g )U\Q®Pg) 

B = (Q* © Pg)U'Pye 
C = Pjf U\Q © Pg) 

D = Pjf U'Pjg = D. 

Define a unital representation 

P =(lx ®P)©P : Cb{ A)-* 8. 

Recall that using p(/) = P\®f, we defined S(x) = Px ®cr(x). If we now set P\ = (lx ® Px)®P\, 

we can likewise define 

§{x) = Y J h®(T{x)e^{S), 

A 

and from this, a transfer function 

W{x) = D+ CS(x )(lg - AS(x ))- 1 B. 

We verify that W(x) = W(x) by showing CS(x)(AS(x ))' 3 B = CS(x)(AS(x))" B for n = 0,1,.... Fix 
h <s . Then 

f . \ 

0 

Bh = {Q*®Pg) Q* h ={k°®e°)®Bh, 

0 

< Bh j 

where k° = (••• 0 D* 2 h oj r and e° = g ® a\ (since in the column vector, k° occurs in the first 

copy of JT in Now 

S(x)e° = S(x)(g ®a\) = ^ p' h ® a,j 

i 

for some .j5„ Jo )eC' 11 ». Setting e 1 = ^. /3jh®a,j ^£2, 

S{x)Bh = (k° < 8 > e 1 )®S(x)Bh. 

Then 

fft*,* 0 ) 

0 

CS(x)Bh = (o ••• 0 (••• 0 D 2 ) C) : = CS{x)Bh, 

Plk° 

^S(x)Bhj 


proving the claim when n = 0. 
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For n = 1, 


S2 0 " • © S2 ( 


(Pk kl ) 


f 0 "1 

0 


0 


+ 


Pllfi 


k'° 

V 0 J 


^AS(x)Bhj 


1 

0 

L* 

0 

0 D\ 


D\ 

0 

A) 


fP^ 


Pile 0 

^S(x)Bhj 


where k 1 = (••• 0 Dpi 0 0 0 ) ' (that is, k° with entries shifted up by two positions) and 

k'° = (" ■ 0 D* l S{x)Bh oj f . Notice that in both cases, only even numbered entries in odd num¬ 

bered spaces JT of JP 2nx n~ l are non-zero. Also, these vectors are in the kernel of P. From this, we 
conclude that 


AS(x)Bh = (fc 1 ® e 1 + k ,yi ® e' L )®AS(x)Bh, 


/0, 


„/U 


where e' 1 is likewise a vector in SI. Applying S(x), we get 


[k 1 ® e 2 + k'° ® e' 2 ) ® S[x)AS{x)Bh 


for some vectors e 2 and e' 2 in SI. Because 0 D 2 ] only acts nontrivially on odd labeled en¬ 
tries of JT in the first JT of JT 2 ” a o _ 1 , we conclude that CS(x)AS(x)Bh = CS(x)AS(x)Bh, proving the 
case when n = 1. 

Repeated application of AS’(x) to vectors in SI c .7i /2n, <e 1 where the only nonzero entries are in 
the odd labeled spaces and within those spaces, only in the even labeled entries, yields vectors of 
the same sort. An induction argument then finishes the proof. □ 


While we only stated and proved the last result in the specific case we need later in the paper, 
minor alterations would allow for it to cover cases where the test functions are operator valued 
(rather than simply matrix valued) and where there are infinitely many of them. 

With Lemma ph2| in hand, we can show that -7{X, A,.A) is a normed unital algebra. 

Theorem 3.3. With norm || • || defined as in (3TTJ, unit \x(x) = \.re and pointwise addition and mul¬ 
tiplication, the setSf [X, A, 3#*) is a normed unital algebra. Furthermore, any W e .T{X,.\ } M y ) can 
be approximated uniformly in norm on compact subsets ofX by elements of the oper¬ 

ator valued polynomials in the test functions, while elements of^ A (X,K,.W') can be approximated 
uniformly onX by such polynomials. IfSf; is finite dimensional, jf(J'ff)® £5** is dense in -X{X, A, :W y ) 
endowed with thesupremum norm. Finally, ifW e iX{X,t\,: : /f), W = c(D + CS(1 — AS)” 1 B), then W 
can be approximated uniformly in norm on compact subsets ofX by polynomials in S which are in 
c9i{X,A,3He). 
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Proof. We first show that i?i(X, A,.3f) is convex. Let VIC,, VIC, e (X, A, if) and t E [0,1]. The 

operator 


U' = 


f 1 
0 


0 0 
1 0 


0 ^ 
0 


^0 0 t 1 ! 2 (1 -t ) 1/2 7 


r Ax 0 

0 A-2 

^ 1/2 Ci (i-t) 1 / 2 c 2 


(M 

0 Bi 


0 ^ 

0 

O 

CM 

b 2 

Cl 

0 Di 


0 

1 ° 

c 2 0 

B> 2 j 


t^Bx 

A 


(1 

-tf! 2 B 2 




tD\ +(1 — f)D 2 J 


r l 0 0 ^ 

0 1 0 

0 0 t 1 ! 2 

^0 0 (l-f) 1/2 j 


being the product of contractions is a contraction. If we set S' = S\ © <§2 and p' = p\ © p 2 , then 
tWf. 1 + (1 — f)I4C 2 = 14C/ where S' is a contractive colligation. Hence by the last lemma equals 
t We 1 + (1 — t) Wz 2 = VIC where £ is some unitary colligation. 

Clearly, by taking the contractive colligation with U = 0, the function which is identically 0 is 
in ^7i(X,A,if). Hence by convexity, f 14^ E 37i(X, A, if) for all t E [0,1], showing that ^i(X,A, Pf) is 
barreled. 

Let VIC^, VVC, e .'7] [X, A, if) and define the unitary operator 



r A| 

BiC 2 

BiD 2 \ 

r A\ 

0 

bA 

fl 

0 

0 ^ 

u= 

0 

A2 

b 2 = 

0 

1 

0 

0 

a 2 

b 2 


lei 

D1C2 

DiD 2 J 

lei 

0 

Di) 

1° 

c 2 

D 2 j 


Let S = S\ © <? 2 and p = p 1 ® p 2 , it follows that 14^ 14£ 2 = 14^. 

To see that what we defined in ( |3. 1| > is a norm, first of all note that if W E ^i(X,A, if), then 
|| W|| < 1. It is also evident that ||cW|| = |c||| W||, and || W|| > 0 with equality if and only if W = 0. 
Since 37) (X, A, if) is convex, if W), W 2 E 37"(X, A,if ) and W\ = c\ Vl^, W 2 = c 2 Vl£ 2 , then 

—H£ 2 e 5i(X,A,if). 

Ci + C 2 Ci + C 2 

Hence 

l|Wi + W 2 || = ||ciM^ 1 +c 2 m|| 


— (Cl + c 2 ) 
< Cl + c 2 . 


Cl c 2 

— + 


Cl + C 2 


Cl + c 2 


Taking the infimum over ci and c 2 as I4£, and 14C, range over those elements of ,(7i(X, A, if) such 
that W\ = ci VIC, and Wi = c 2 VIC 2 with ci, c 2 > 0 yields the triangle inequality. 

For any choice of representation p : Q,(A) —> if (S'), and U the identity operator, we get 14C = lx, 
the function which is identically 1 - /r) on X. More generally, if D E if (if) is a contraction operator, 

and U = for the same choice of S and p, 14C = D. 

If E 'L and we choose <? = if (if), Z + = 1 and Z~ = if ® 1 then S = ip ® 1 So 
with A = D = 0 and B = C = lsf (,#?}, we get I4£ = t/j 0 Then since i7i(X,A,if ) is closed under 

products, we also have for any n E N^, if n ® 1 //(.^) E 37i(X,A, if). This also then gives that ip" T 
for any contraction T E if (if). Scaling and closure under addition yields that any operator valued 
polynomial in the test functions is in 37"(X, A, if ). 

The topology with which X is endowed ensures that all test functions are continuous. Hence for 
all A E A, iff is also continuous, and thus iff iff* is a continuous function bounded below by 1, 
and so has a continuous inverse. Consequently, any auxiliary test function a 2 is continuous. (In 
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the case that A is an ample preordering, this was automatic, since ax £ H™{X, JC\,c n ) f° r some n , 
and all functions in this space are continuous.) Since for any A e A, ||cr^(x)|| < 1 for all x e X, it 
follows that for any unitary colligation £, the associated function S(x) is also continuous and has 
norm less than 1. Hence when if (Jf) is given the norm topology, 144; e(X, A, .3f) is continuous, 
and so &{X, A, if) c C(X,if(.3f)). 

By definition, the test functions separate the points of X, and so by the Stone-Weierstrass theo¬ 
rem, the space of polynomials in the test functions, £54p, is dense in ^(X, A, C) with the supremum 
norm. Hence if X6 is finite dimensional with orthonormal basis C£?/) and W e £7"(X, A,,>f), then 
Wji := (Wej,e^ € £7"(X,A,C). Let e > 0. For each 1 < j,i < dim.# 0 , find a polynomial pje such 
that || Wjf - pj( Hoc, < e/(dimif ) 2 . Then || W —(p^)||oo < e, showing that if (Jf)®^ is norm dense 
in VF <= £7"(X, A,.# 0 ). From this argument, we see that if(iif) is weakly dense in £7"(X, A, Jf) if 
dimiif is not finite. 

Now suppose that W e £7"(X, A, Jf ) where the dimension of Jf is not necessarily finite. Fix e > 0 
and let C be a compact subset of X. Then W{C) is compact, and a cover of W{C) by open balls in 
if (Jf) by balls ofradiusless than e/ 12 has a finite subcover {Uj}. For each/ choosexj e 
Then for all x eX, maxj || VF(x) — W(jcy)|| < e/6. 

For each j choose a finite dimensional subspace Jf) c Jf such that \\W(xj) - P //fj W(x 7 )|,^. II < 
e/6. Set if' = y . Jf) . This is finite dimensional and for all x e X, 

\\W{x)-P^W(x)\^\\ 

<max\\W{x)-W(xj)\\ + max\\P M >>(W(x)-W(xj)\.x‘'\\ + max\\W(xj)-PM’'W(xj)\M’'\\ 

j j i 

<e/2. 

As we have seen, we can find p e Jf (Jf') <8>tPy such that ||p — P^'W[x)\w\\ < e/2. Extending p 
to if (if) ® .5f[, by padding with Os, we then have that || W — p\\ < e, showing that we can approx¬ 
imate elements of £7"(X, A,if) pointwise, and hence uniformly in norm on compact subsets of X, 
by polynomials in if (if ) ® SAq,. If we know that W e S? A (X,k, if), then by weak-* compactness of 
X, we claim that we can approximate elements of £7"(X, A, if ) uniformly in norm on X. 

It suffices to prove the last claim in the case c = 1; that is, when W = 144 for some colligation 

£. Let £7= ^ , where D = D, A is an (M + 2) x (M + 2) operator matrix with the first super¬ 

diagonal having all entries equal to A and all other entries 0, B is an M + 2 operator column with 
the first M +1 entries equal to ^== B and the last entry 0, and C is an M+ 2 operator row with the 
first entry 0 and the remaining entries equal to y=== C. It is easily verified that 0 is a contraction. 
Set S to the (M + 2) x (M + 2) diagonal matrix with diagonal entries equal to S. Then 

W M := D + CS(1 - AS) -1 5 e £i(X, A, Jf ) 

and 

w u = d+cs(^l.i + ^as+^ + 1 X-x as > m ) b 

= D + CS( 1 - AS)“ 1 (1 - (1 - (AS) M+2 X1 - AS) -1 ) B. 

Since by Lemrna [2.21| S’(x) is a strict contraction, we see that W M converges pointwise with M to W. 
Arguing as above, we then get W M converging uniformly on compact subsets of X to 144 □ 

We write JT(X, A, Jf ) for the completion of JT(X, A, Jf ) in the norm from (3A), and £7" A (X, A, Jf ) 
for the closure of<‘7'' A (X,A, Jf) in £7"(X, A, Jf). 


26 








Corollary 3.4. The spaces {^{X, A,#€ ® M n {C))} ne ^ and {£T A (X, A, M ® I\4 n (C))\ n(E \\ define unital 
operator algebra structures for-7{X,K,:Ws) and,'7 A (X, I\,.Ws), respectively. 


Proof. Let W e &i(X,A,C n ® XL) with unitary colligation E = [U,:W : ,p), U = ^ ^ j, and let, 

X € M mn (C), Y € M nm (C) with ||X||, || F|| < 1. Then 

XVLF = XDF + XC(l-ASr 1 SF= IF 


where W <E ^i(X, A, Jif ® C m ) has contractive colligation E = [tj,^T,p) with U = 
1 0 


A BY 
XC XDY 


1 0 
0 X 


A B 
C D 


0 F 


. Hence ^"(X, A, JF 1 ) is an abstract operator space. Since forall n, W\, Vl£ < 


^i(X,A, £8®C n ) implies Vlj e^i(X,A, JF’iSC"), it follows thati7"(X,A, JF") is an operator algebra. 
The case for l? A (X, A, .5F) is proved similarly. □ 


The above provides something of a converse to the main result of Jury f32] in a special case. 

We close this subsection with a lemma which will be useful when we want to construct repre¬ 
sentations on algebras of transfer functions. 

Lemma 3.5. Let WX : X —» . < £(-W J ) be a transfer function obtained via a unitary colligation E = 
{U,8,p). Then there is another unitaiy colligation E = (0,8 = 8®Jt8,p) such that Wf. = LIL. 

Proof. Recall that by construction, there are orthogonal projections P A with orthogonal ranges 
such that 8 = 0 A ranP^ ® C n E nx = 2W -1 , and S(x) = "^^Px® crx(x). We construct the new colli¬ 
gation from the old by taking 

8 = 0 ran P x ® (C nx <8> JF”), 

A 

and setting 

S(X) = ^Tp X ® (CTa(x) (g> 1 <£[#?))■ 

X 

Fix e <E Jtf? with ||e|| = 1. Dehne an operator U = f ^ on 8 as follows. For /e <?, h, g e 
decomposed as g = ae + e 1 where (e, e 1 ) = 0. Then set 

A(f ® ae + f ® e 1 ) :=A/® ne-F/igie 1 , 

Bh := Bh ® e, 

C(/ ® ae + / ® e 1 ) := aC/ 

Dh := Dll, 


extending by linearity where necessary. One easily checks that the adjoints of these operators are 
given by 

A*(f ® ae + / ® e 1 ) = Af ® ae + / <g> e 1 , 

B*(f®ae + f®e 1 ) = aB*f, 

C*h = C*h®e 


D*h = D*h, 
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again extending by linearity as needed. A straightforward calculation gives 

(A* A + C*C)(f ® ae + f ® e 1 ) = (A* A + C*C)f ® ae + / <g> e 1 = / ® ae + f ® e 1 , 

(B*B + D*D)h=(B*B + D*D)h, 

showing that the operators so defined are bounded. The other equations needed to show that U is 
unitary are likewise checked. 

We find that CS(x)Bh = CS(x)(Bh ® e) = C((S(x)Bh) <8> e) = CS(x)Bh. Also, C(AS(x)) n Bh = 
C(AS(x))” Bh. We conclude that = V\f. □ 

3.2. Contractivity and complete contractivity of representations of transfer function algebras. 

Definition 3.6. We write that a representation n : SA A (X,A,^F) —> S£{<S) or n : A£(X, A, Jff) —> 
is contractive on auxiliary test functions if for each Ae A, an appropriate ampliation of n (also 
denoted by n) has the property that n(<T\ <g> 1 </'(,-#)) <1. ft is said to be strictly contractive in case 
this is a strict inequality. A representation is strongly / weakly continuous if whenever a bounded 
net (ip a ) converges pointwise in norm to ip (in other words, sup a ||y> a || < oo and for each reX, 
\\if a (x) — —* 0), then n(if a ) converges strongly / weakly to n(if). 

Given a bounded unital representation n of H°°(X, -X\ y .w), we define n(ip ^) by applying n entry- 
wise. Then n is a Brehmer representation if and only if n is contractive on the test functions and 
for any maximal element A of the preordering A, 

n(ip^)n(ip^f - n(ipl)n(ipj)* > 0. 

In this case, for each A in the maximal preordering associated to A, there is a contraction G : 
ran7t(i/>t)* —> n(ipT)* such that n(ip^)Gx = n(ip7). The following is then well defined: 

n(cr a) Ga, 

though properly speaking, this should be viewed as an ampliation of the representation n. As 
we saw in Theorem |2.19| when A is an ample preordering, we can extend cta to a function in 
H°°(X,JG\ y cn) where n = 2l A l _1 , and so n (or rather is already defined on cta, and potentially 
may not be equal to G\. Nevertheless, it is the case that once n is given on test functions, it in¬ 
duces a well defined map which is contractive on auxiliary test functions, and so on the algebra of 
transfer functions, as we shall see. 

The next theorem is a version of the von Neumann inequality for the algebra ?f(X, A, Jff). 

Theorem 3.7. Letn : £f A (X,A,J£) —> /£(£) be a unital representation which is contractive on aux¬ 
iliary test functions, orn : 3T(X, A, M ! ) —> /£(£) be a weakly continuous unital representation which 
is contractive on auxiliary test functions. For all Wv in 3f A (X,A,J£) (respectively, A7i (X, A, .-/£) ), 
|tl(VIT)|| < 1; that is n is contractive. 

Proof. We begin by observing that in either case, the representation tz 0 : —> if (£!) obtained 

by restricting n to constant functions is a unital representation of the C*-algebra if(Jff), and so is 
contractive. The same is true of the ampliations of tiq, so it is in fact completely contractive. 

Let W = Vl£ e (X, A, Jf°), where E = ( U,<S,p ), U = ^ , is a unitary colligation. For r € 

(0,1), define W r = Wv r , where E r = (U, p) is a contractive colligation with 

rl 0 '\_frA B\ 

0 1J “ [rC DJ ‘ 
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U r = U 




By Lemma |3.2| W r and 

W r = D + C(rS)(l —A{rS))~ 1 B 


We now follow the line of proof in Lemma 3.1 of [.28]. Since rAS(x) is a strict contraction, 
AfPlXi f ^(^S(i))" converges uniformly in norm to (1 - rAS(x)) -1 , and by the proof of the 

last statement in Theorem |3.3| for all M, W r< M := D+ + H^j-AS-l-1- ^q-j-(AS) M ) B e 

L?i{X,A, and converges pointwise in norm with M to W r . By assumption then, n{W nM ) con¬ 
verges weakly to n [W r ). 

As in the proof of Lemma 3.1 of |28], we see that n[W r ) = W (y <E HT\{X,A, with T. r = {U r ,S <S> 


( S,p® n), where U r = 


rA® 1 
rC® 1 


B® n 

D®1 J 


. We have D = n{D) and A, B and C are obtained by apply¬ 


ing 7i component-wise. Since no = n\se{je) is completely contractive, U, is a contraction. Hence 
||7t(i/? r )ll < 1. Now [ip r )r is a bounded net converging pointwise in norm to ip, so by assumption 
[n{if r ))r converges weakly to n[ip), meaning that ||tz:(<^)|| < 1. 

For the same argument applies when n is simply assumed to be contractive on 

auxiliary test functions, since 3? A (X, A, M ) is the norm closure of polynomials in test functions. □ 


Corollary 3.8. Let n be a representation respectively, a weakly continuous represen¬ 

tation of,'7(X,,\ l .yf), which is contractive on auxiliary test functions. Then n is completely contrac¬ 
tive. 


Proof. If 7i is a representation of either ST A [X, A, or ^(X.A, Jf?) which is contractive on auxiliary 
test functions, then the same is true for n^ for all n. Hence the result follows from the previous 
theorem applied to the auxiliary test functions tensored with 1„. □ 

3.3. Brehmer representations and spectral sets. 

Definition 3.9. Let 7t be a bounded unital representation of H°°[X, Call n a Brehmer rep¬ 
resentation (associated to the preordering A) if for any test function ip, \\n{ij.’ ® 1 ^(m))\\ < 1 and for 
all A e A, 

[Q {l-n(ipi®\< £[ jtf ] )n{xfi®\% { j? ) )*) Xi >0. (3.3) 

AbA/t^O 

Note since Af(J'f’) is a C*-algebra, it is automatic that 7to = n\se^) with no{T) = 7t(l ® T) is 
completely contractive. 

A representation n of H°°[X, is a strict Brehmer representation if the inequalities in ( |3.3| 

are strict. It is a strongly / weakly continuous Brehmer representation if it is a Brehmer represen¬ 
tation and which is either strongly or weakly continuous in the sense defined in the last subsection. 

We say that X is a spectral set for the representation n (equivalently, that the von Neumann 
inequality holds) if n is a contractive representation of A(X, It is a complete spectral set if 

7i is a completely contractive representation of A(X,.'/T i \ r y^). 

A representation ft dilates a representation 7i (equivalently, n dilates to n) if n is the restriction 
of 7t to a semi-invariant subspace; that is, the difference of two invariant subspaces. The H°° dila¬ 
tion property is said to hold for a domain X if whenever 7t is a representation of H°°[X, for 

which X is a spectral set, then X is a complete spectral set for n. 

While Brehmer representations induce representations which are contractive on test functions, 
the converse is also true. 


Lemma 3.10. If a representation n ofH cc {X, .AA,.^) is contractive on auxiliary test functions then it 
is a Brehmer representation. 
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Proof. This follows from \2A\. 


□ 


Clearly, a strict Brehmer representation is norm continuous, a norm continuous one is strongly 
continuous, and a strongly continuous one is weakly continuous. The H°° dilation property is akin 
to the better known rational dilation property, where H°°[X, is replaced by the algebra of 

functions generated by the rational functions over a compact subset of C d with poles off of the set. 

The connection of the von Neumann inequality as defined above with the usual von Neumann 
inequality is as follows. Suppose that X = O d and 'I' is the set of coordinate functions in C d (so 
ipj{z) = Zj for j = 1 and assume that A = {e/}j=i,...,d. Then Agler’s realization theorem 


for the polydisk (Theorem 2.7 above) implies that any representation n of H°°[X, JtA) for which 
Tj = u(ij) j ) is strictly contractive for all j (so ( 7 ),..., 7 );) is a tuple of commuting strict contractions) 
is contractive on H°°[X, Jiff). Note that in this case S(z) = Z~(z) = ^. PjZj, where Pjs are orthog¬ 
onal projections summing to the identity. We therefore naturally take 7t(S(z)) = ^ ■ Pj ® Tj, which 
then, via the transfer function representation, allows us to interpret n[ip) for ip e in 

the natural way. So in other words, for a tuple T of commuting operators with ||7}|| < 1 for all j, 
||^(T)|| < 1 for all ip in the Schur-Agler class of the polydisk. 

The name for the rational dilation property derives from a theorem of Arveson [TO] , which states 
in the example from the previous paragraph, a tuple T of commuting contractions has a commut¬ 
ing unitary dilation U if and only if for all n e N, T induces a completely contractive representation 
7i on the algebra : } P of polynomials over C d , the norm closure of which is the polydisk analogue of 
the disk algebra. Write n for the representation induced by U. By the spectral theorem for normal 
operators, n is completely contractive. The converse direction is an application of the Arveson ex¬ 
tension theorem and Stinespring dilation theorem. Of course there would be no hope of dilating T 
to U if it were the case that the representation induced by T is not contractive, which the example 
due to Kaijser and Varopoulos (4H| demonstrates can happen when d> 3 in 77°°(D rf ). 

Because D rf is polynomially convex, the polynomial algebra suffices when considering rational 
dilation in this setting. For more complex domains X c. C d such as for example an annulus in 
C, one needs to consider M n ( C) valued rational functions over C d with poles off of X, and the 
commuting tuple of unitary operators is replaced by a commuting tuple of normal operators with 
spectrum supported on dX (or more precisely, the distinguished boundary ofX). 

It becomes evident then that one can view Arveson’s theorem as describing when a contractive 
representation of the analogue of the disk algebra is completely contractive. An example due to 
Parrott [40] shows that when d > 3, there are contractive representations which are not completely 
contractive. Further examples when d = 3 are given by Bagchi, Bhattacharyya and Misra in [12) . 
and they show that these examples are not even 2-contractive. As we shall see, this is no accident 
— in fact any representation which is contractive but not completely contractive must fail to be 
2-contractive. 

When d = 1 or 2, contractive representations are automatically completely contractive by the 
Sz.-Nagy dilation theorem and Ando’s theorem, respectively. Agler showed that over an annulus 
A, it is again the case that contractive representations of the algebra of functions analytic in a 
neighborhood of A are completely contractive. This was later shown to fail for domains of higher 
connectivity [3] [27;AT]. 

It is a consequence of the Arveson extension theorem and the Stinespring dilation theorem that 
any completely contractive representation of either A[X,XTa,^) or H°°[X, extends to a com¬ 
pletely contractive representation of C*{H°°(X, or C*{A[X,J^\,^>)), respectively. 

We have the following dilation theorem, generalizing Arveson’s dilation result for the polydisk. 
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Theorem 3.11. Let n be a representation of 7 A (X,,\,M), or a weakly continuous representation of 
7(X,A,.-7 J ), which is contractive on auxiliary test functions. Then n dilates to a completely contrac¬ 
tive representation it ofC*{7{X, A,76f) ( respectively ; C*(7 A (X, A, with the property that the 
only completely positive map agreeing with ft on 17 [X, A, Jrff) ( respectively, 7 A (X, A, .7)) is A itself 

Proof This is a corollary of Corollary |3.8| and Theorem 1.1 of f29] . □ 

A representation with the properties of ft (ie, that n extends uniquely as a completely positive 
map to the C*-envelope) is called a boundary representation if, in addition, it is irreducible. We 
use an alternative, equivalent description of boundary representations due Muhly and Solel |39| 
below. 

An analogue of the rational dilation problem ask whether every contractive representation of 
A[X, -W\ v w ) is completely contractive. Likewise, one might ask if every contractive representation 
of H°°(X, X\) (or more generally, of H°°[X, is automatically completely contractive; that 

is, whether the H°° dilation property holds. Perhaps surprisingly, even for H°°{ D) this is unknown. 
The problem is that in many cases the boundary ofX is rather complicated, since it is the difference 
between the Stone-Cech compactification of X and X in the appropriate topology, and this can be 
very complex. There will be representations corresponding to point evaluations in the boundary. 
In general, these may not be weak-* continuous, and so there is no obvious characterization of 
contractive representations of H°°(X, XLf) in terms of its action on test functions, which is generally 
what is used in the showing the contractivity of ampliations of a representation. 

As an alternative, one might ask if there are any simply described subclasses of the contractive 
representations which are completely contractive. For example, we will prove that representations 
of H°°(X,Jt! which are Brehmer representations and which are weakly continuous are com¬ 
pletely contractive. We should note that for general A, it is easy to find examples where not all 
contractive representations are Brehmer representations. 

Over W 1 when d > 3, Parrott’s example implies that rational dilation fails for A(D 3 ), though as 
we saw in Corollary |3.4| with the Agler algebra and Schur-Agler matrix norm structure, this is not 
the case. We prove that in general any representation of A[X, which is contractive on the 

auxiliary test functions is completely contractive. When the preordering is ample over d test func¬ 
tions, this will imply that any representation which is 2 d_1 -contractive is completely contractive. 
As we will show, there is an improvement which can be made to this when d > 1 using the so-called 
nearly ample preorderings, and giving that 2 d-2 -contractive representations are completely con¬ 
tractive. In particular, this will imply that for d > 3, 2 rf ~ 2 -con tractive representations of A(B> d ) are 
completely contractive, and that such representations of iT°°(D d ) which are at least weakly con¬ 
tinuous are also completely contractive. When d = 3 then, 2 contractivity will imply complete 
contractivity, and so any example like Parrott’s of a contractive representation of A(B 3 ) which is 
contractive but not completely contractive must fail to be 2-contractive. 

3.4. Some boundary representations for the classical Agler algebra. Since in the classical setting 
the auxiliary test functions are simply the test functions, it follows from Theorem |2.13| that any rep¬ 
resentation of H°°[X, which is contractive is completely contractive. At first this may seem 

to contradict the examples of Parrott [40] and Varopoulos and Kaiser [46] when X = O 3 , which both 
give commuting tuples of contractions on fT°°(D 3 ) which do not dilate to commuting unitary oper¬ 
ators (indeed, the Kaijser-Varopoulos example is not even a contractive representation of fT°°(D 3 )). 
The reason that there is no difficulty is that the Schur-Agler norm of iT°°(X, (and more gen¬ 

erally, the corresponding matrix norm structure) is not the same as the supremum norm in this 
case. 
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Let us consider more closely the classical Agler algebra over the tridisk. We examine the repre¬ 
sentations generated by commuting triples of contractions from several particularly interesting ex¬ 
amples: first that of Parrott, then a Kaijser-Varopoulos type example due to Grinshpan, Kaliuzhnyi - 
Verbovetskyi and Woerdeman from [31], and finally the Kaijser-Varopoulos example itself. We 
show that these give rise to nontrivial non-scalar boundary representations for the disk algebra 
analogue for the classical Agler algebra. Of course such representations are expected since, as has 
been noted [21], this is not a uniform algebra, but these are explicit. According to a result of Muhly 
and Solel [39], a boundary representation in the sense of Arveson is an irreducible completely 
contractive unital representation of H°°[X, Jiff) with the property that any completely contractive 
dilation of this representation must contain it as a direct summand (see also l29l h 
We begin by considering the Parrott example. 


Lemma 3.12. LetX = O 3 , T* = {zi,Z 2 ,z 3 } a collection of test functions onX, A = {ei,e 2 , e 3 }, and XL 
the corresponding set of admissible kernels. Let U, V e .'£[.'£) be unitary operators with the property 

that UV = — VU [for example, we might choose U = (^ ] ] and V = [ 1 ^ ]). Then on XL © XL, 


0 -1 


1 0 


n[zi) := T\ = 


0 1 
0 0 


n[z 2 ) := T 2 = 


0 u 
0 0 


71(23) := r 3 = 


0 V 
0 0 


defines a (completely contractive) boundary representation ofH°°[X,XLiC). 

Proof. It is obvious that the operators in the statement of the lemma commute. By Theorem |2.13| 
this gives a contractive representation of H°°(X, XLa), and so by Corollary |3.4| a completely contrac¬ 
tive representation. It is clearly irreducible. As noted in the discussion preceding the statement of 
the lemma, it suffices to prove that any contractive dilation of this representation contains it as a 
direct summand. 

Assume that 



fAi 

a 2 



(Si 

b 2 

b 3 \ 


f Cl 

c 2 

cA 

n[zi) = 

0 

T\ 

A4 

, n[z 2 ) = 

0 

t 2 

b 4 , 

n[z 3 ) = 

0 

t 3 

c 4 


1 ° 

0 

As) 


lo 

0 

b 5 J 


1 ° 

0 

C5 J 


are commuting contractions. We show that A 2 , B 2 C 2 ,A 4 , B 4 and C 4 are zero. Since 1, U and V are 
unitary, it follows that 

A 2 = [a 0), B 2 = (b 0), C 2 = (c 0) 


on JK © XL. Commutativity then gives 


A\B 2 + A 2 T 2 = B\A 2 + B 2 T\ 
A 4 C 2 +A 2 T 2 = C\A 2 + C 2 T\ 

b 1 c 2 + b 2 t 3 = c 1 b 2 + c 2 t 2 . 


Right multiplication of the first of these by T\ yields A\b = B\a, and so A\B 2 = B\A 2 . Hence A 2 T 2 = 
B 2 T\ , and so a U = b. Similar calculations with the other two equations give aV = c and bV= cU. 
Thus aUV = bV = cU = aVU = — aUV , and since UV is unitary, a = 0. We then also have 
b = c = 0. A similar calculation shows that A 4 , B 4 and C 4 are zero. □ 


We next turn to the example of Grinshpan, Kaliuzhnyi-Verbovetskyi and Woerdeman from [3Tj, 
which again as in the Parrott example is nilpotent, but this time of order 2. 
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Theorem 3.13. LetX = B 3 , ^ = {z\,Z 2 ,z^\ a collection of test functions on X, A = { e \, e 2 , e 3 }, and 
'A' the corresponding set of admissible kernels. Let u \, u 2 , 113 <E R 2 be unit vectors with the property 
that u\ + u 2 + u 2 = 0 (without loss of generality, we may assume u\ = (o l), u 2 = (a/3/2 —1/2), 
113 = (—a/3/2 —1/2)). Define a representation n : 77°°(X,j£a) —> M 4 (C) by 

r 0 Uj 0 ^ 

n(Zj) := Tj = 0 0 u* , j = 1,2,3. 

^0 0 0 j 

Then this is a (completely contractive ) boundary representation ofH°°(X, CALf). 

Proof. We assume that we have made the explicit choice of uj s mentioned in the statement of the 
theorem. Consider a commuting contractive dilation 

r aj bj vj cj dj\ 

0 0 Uj 0 ej 

Vj= 0 0 0 u*j v'*j , j = 1,2,3, 

0 0 0 0 fj 

, 0 0 0 0 gjj 

of the TjS. Because each U j is a unit vector, cj = 0 and ej = 0 for each j. We also have that uj v* = 
Uj v'* = 0, so 

J J 

vi = ai(l 0) v 2 = a 2 (—1/2 -V3/2) v 3 = a 3 [- 1/2 a/3/2) 

v\ = a 'i (l 0) v ' 2 = a ' 2 (—1/2 -V3/2) i/ 3 = a / 3 (-l/2 V3/2) . 

By commutativity, 

uj v'* k = ujc v'* and vj u* k = Vk u*. 

Using the explicit form of these vectors, it is easy to check that the first of these equations gives 
a '2 = a '3 = —a!\ and a ' 2 = —a' 3 , and so a'j = 0 for all j. Similar calculations with the second 
equation yields aj = 0 for all j as well. Thus Vj = v'j = 0 for all j. 

It also follows from commutativity that bjUk = bkUj, and since the ut s are pairwise linearly 
independent, it follows that bj = 0 for all j. Likewise, fj = 0 for all j, and so we conclude that each 
Vj contains 3} as a direct summand. 

Finally, we show that the representation is irreducible. If ^ c R 4 is a reducing subspace, then it 
is invariant for T* Tj and 7} TJ for each j. From this we see that ( .d f C 4 , any vector in ( .d must be 

of the form iq = ( c\ 0 0 c 2 ) T , v 2 = (ci c 2 c 3 o) f ,z/ 3 = (o c\ c 2 c 3 ) \ where cj e C for 
all j. Multiplying v 2 by 7} we get c 2 = 0, and by Tj we get c\ = 0; that is, ( T/ = {()}. Similarly, since 
the Uj s span R 2 , we conclude after considering T* v 2 and 7} V 3 that C 2 = c 3 = 0 in the first case and 
Ci = C 2 = 0 in the second, and from this that ci = 0 in v 2 and c 3 = 0 in f 3 , finishing the proof. □ 

Finally, we turn to the Kaijser-Varopoulos example. As it happens, the operators there can be 
dilated to other commuting contractions which can only be further dilated by means of a direct 
sum. The proof is similar to the above, and we leave it as an exercise for the interested reader. 

Theorem 3.14. LetX = Ib 3 > 'I' = {z\ y z 2 ,Z 3 } a collection of test functions onX, A = {ei, e 2 , e 3 }, and Ad 
the corresponding set of admissible kernels. Then the representation n : H°°(X, Jf/v) —» M§( C) defined 

33 



by 


n(z{):=T 1 = 


fO 0 
1 0 
0 0 
0 0 


7t(z 2 ) := T 2 = 


7t(z 3 ) := T 3 = 


0 

0 

fo 

0 

1 

0 

0 

v° 

fo 

0 

0 

1 

0 


V' 
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o o 
o o 
o o 
o o 

0 0 J 


_ _j_ 

73 73 

J_ _2_ 

76 76 


0 0 \ 

0 0 


0 
0 
0 
0 

_J_ 

73 

j_ 

76 

o o (A 

0 0 0 

0 0 0 

0 0 0 


0 0 
0 0 
0 0 
0 0 


0 0 
0 0 


is a (completely contractive ) boundary representation ofH°°[X, XFf). 


We finally mention that the Crabb-Davie example [23] gives a boundary representation of the 
Agler algebra consisting of nilpotent operators of order 3, and presumably examples with any de¬ 
gree of nilpotency can be constructed in a similar manner. Using results of |3B| and [5j , one can 
show that there will be boundary representations of the Agler algebra which are neither commut¬ 
ing unitaries nor commuting nilpotents. 


4. Realization theorems 

4.1. The first realization theorem. As usual, we assume all test functions are in A(X, tXTf). 

Fix a finite set F c X. Define a cone in by 

^ := {(r[x,y) ( E + (x)E + (yf - E~{x)E~{yT)) : T e K+(C b ( A), C)}. 

This is a cone rather than simply a wedge since E + (x)E + (x)* — E~[x)E~[x )* > 0, and so if ri,r 2 > 
Owith (r 1 (x,y)(£ + (x)£+(yf-£'“W£“(y)*)) = -(r 2 (x,y)(£ ,+ (x)£+(yf-£-(x)£’“(y)*)) for all 
x,y e F, then for all x, Ti(x,x) = r 2 (x,x) = 0, and hence by positivity, ri(x,y) = T 2 (x,y) = 0 for all 
x,y e F. 

More generally, there is an operator version of this. For a fixed Hilbert space define a cone 
in by 

^ := {(r(x,y) (£ + (x)£ + (yf - E-(x)E~(yT)) :T€ . 

The proof of the hrst realization theorem relies on the following lemma of independent interest. 
Lemma 4.1. The cone is closed and has non-empty interior. Furthermore, for each A e A, 

(rL^a - Vh(x)<My)*) Ai )*, ye .F e 
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Proof. Fix F c X finite and a Hilbert space and define the cones % J p and p#e as above. Fol¬ 
lowing the proof of Lemma 3.4 of [28], we first show that ^p is closed. 

By assumption, for all x e X, there exists e x > 0 such that sup^, s4 ,(l - ij>[x)f(x)*) > e x . Also, for 
n :=sup AeA |A| <oo, 

E + (x)E + (xf - E~(x)E~{xf > e". 

Setting e = min xe pe” > 0, we have then that for all ref, E + (x)E + (x )* — E~{x)E~{x)* > e. There¬ 
fore, for any M = T *(£’+£’+* — E~E~*) e ‘tfp and any x <E F, 

||r(x,x)|| < ±max||M(x,x)|| < ^||M||. 

£ x&F e 

Positivity of T then gives ||T(x,y)|| < ^||M|| for all x,y <s F. Thus for any Cauchy sequence (M„) c 
‘tip, the corresponding sequence of positive operators (T„) has (T„(x,y)) in a norm closed ball of 
Cfe(A)* and so has a weak-* convergent subsequence. Applying this idea to each pair of points in 
F, we eventually end up with a subsequence Lq, such that for any x,y e F, T^(x,y) converges 
weak-* to T(x,y). It is not difficult to see that T is positive, and so (M„) converges to some M = 
T *{E + E + * — E~E~*) 6 ^p-, that is, ^f is closed. 

Next consider £>vp/e. Arguing as above, there exists e > 0 such that for any M = T *[E + E + * — 
E~E ~*) e % J pp/e, ||T(x,y)|| < ^||M|| for all x,y e F. Suppose (M„) c % J pp /e with sup,, \\M n \\ = C < 
oo converging to M. Note that the corresponding sequence (T„) is bounded by C/e. For h = 
[h x )<E with ||h|| = 1, define M/j,„ by M hi „{x,y) = (M n {x,y)h x , h y ) and T h , n by r; 7 ,„(x,y)(/) = 
(r„(x,y)(/)h x , h y Y Then (M/ V1 ) c ‘gp is a Cauchy sequence, and since "£> is closed, lim n Mh, n = 
M; 7 = T/j * {E + E + * — E~E~*), where T/j > 0 and ||T/ 7 || < C/e. Thus T defined via polarization from 
(T(/)h, h) = Th[f) is positive and bounded in norm by C/e, and M = T *[E + E + * — E~E~*). Hence 
the cone c €p^ is also closed. 

We next show that ^'pye (and as a consequence, c £p) has non-empty interior. Let P : X x X —» 
jzf(J'f’) be a positive kernel with Kolmogorov decomposition P(x,y) = Q(x)Q(y)*. A straightfor¬ 
ward argument as in the proof of Lemma 3.5 of [28] shows that the kernel Tpx mapping X x X to 
^(C b (A),^(^))by 

r Pj.ix.yW = ((Q(x) ® iPtWXQW ® ^(y))* - (QM ® ^MXQ(y) ® ^(y))T V(A) 

is positive. Thus 

(Tiu(x,y) [E + {x)E + {yf - E~{x)E~{yf )) = P(x,y), 

and so £‘p,yp has nonempty interior since it contains all elements of (if (Jt°) ® M\p |(C))+. 

Finally, the kernel T(/) := [1 y[j?)]fW is obviously positive, and 

r *{E + E + * - E~E~*) = l ;£[m ® (ip+f+* - xp-ip-*) = l nm ® n^ 1 - 

AjG A 

so restricting to F x F we have the last statement. □ 

We now state and prove our first realization theorem. 

Theorem 4.2 (Realization theorem, I). Let tp : X —> .'£ {■'£.). The following are equivalent: 
(SC)ipeHf(X, JC A ,^); 

(AD) There is a positive kernelT elj( C/, (A), , ( £ (. W :)) such that for all x,y eX, 

1 - ip{x)ip(y)* = T(x,y) (p + (x)£ + (y )* - E~{x)E~{y )*) . 

In this situation, ip has a transfer function representation. 
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Proof. Assume that (AD) does not hold. This is equivalent to the statement that for some fi¬ 
nite set F, [ly(j?)] - pp* £ A Hahn-Banach separation argument gives linear functional 

v : S6{36\ p \) —» C such that v{f 8 p t ^) > 0, v{[l^^]) = 1 and v([l <e^)] - (p<p*) < 0. Note that v > 0 
since %’p y ^ 2 {36[36)®M\p\{C)) + , and so in particular, v is continuous. 

By the Riesz representation theorem, there exists h = (fi(x)) e 36\ p \ such that v(M) = ( Mh , h). If 
F' = {x e F : h{x) f 0}, then v'{M) := ( Mh\ P >, h\p>) defines a linear functional separating [1 - 

p \ i : 'y I//, from F’l-'p/f. So without loss of generality we assume that for all igF, h(x) f 0. We use 
this to define Hilbert spaces 36 x as the quotient completion of 66{36 ) under the inner product 

(fixlgW) : = p^)jj 2 (f{x)h{x),g{x)h{x)), f{x),g[x)(sS6{36). 

Since h[x ) f 0, 36 x is isomorphic to 36. 

on F. Write 1 jr for the function which equals 1 at every ref. If p <s 3, p* stands for the 
element of 3 with xth entry p(xf. Also, let / x [p) denote the element of 3 with all entries 0 except 
the xth, which equals p(x). In this way 3 is a unital algebra with addition and multiplication 
(written as /• g) defined entry-wise, and unit ljr. 

We can also view the (quotient completion of) 3 as a Hilbert space 36$ = 36j with inner 

product 

( f>g) = X pMF (fW h (x), g(x)/z(x)). 

xeF 

For eachx.y eF, 

(fc(x,y)/(x), g(y)) = (g(yff(x)h(x), h(y)) = v((g*(y)f(x)) x , yeF ) 

defines a bounded linear operator k(x,y) e 6£{36 x ,36y). For each x <E F, identifying 36 x with 36 , 
we have k = (k(x,y)) Xiy(E p e if {36\ p \) with 

< kf,g) = ({g*f)h,h ). 

Extend A; to a kernel from X x X to 6£{36) by setting k(x,y ) = 0 if either x or y is not in F. 

Since v > 0 if follows that k > 0, and so has a Kolmogorov decomposition k(x,y) = k* k x , where 
k x : X —» 8 for some Hilbert space 8 . We therefore can view 8 ® 36$ as a Hilbert space with the 
inner product on elementary tensors given by 

(k x ®f,k y ®g) = (k{x,y)f{x),g{y)). 

For any / € 3, 

o < v ((/(y)*( (l^f(^) ® 0 J(x))(iif(^) ® 0£(y)*) - (lif(^) ® 0^(x))(i^(^) ® 0^(y)*M*)) xo , eF ) 

= ((/(y)*(( ® 0£( x )X !.*?(.#?) ® 0 £(y )*) - ® 0A( x )Xf^(^) ® 0A(yXM x )) x , yeF ^> ,z ) 

= ® 0t( x ))(f^(^) ® 0j(y)*) - ® 0A( x )*)(f^(^) ® 0 aCk)*))/MM x )> f(y)Hy )) 

=® 0t(x))k(x,y)(i^(^) ® 0t(y)*) - (f^(^) ® 0j( x ))fc( x ,yXis?(.»n ® 0l(yf)/(x),/(y)) 

x,y 

= ((((i^(^) ® 0tXiifw ® 0t*) - ( l .nm ® 0aXi^(^) ® 0a*)) * fc) /, /}• 

Since k(x,y) is 0 when x or y is not in F, this suffices to show that k is an admissible kernel. 
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The calculation 


0 > V ((l^(^) - ip{x)ip(yT) Xl yeF) 

= (O-sew) - vWipiyTlx'yeph, h ) 

= X MjO) - (^(x)^(yfh(x), fi(y))] 


x,y 


(4.1) 


= Xi (W x >y) - <P(xMx,y)ip{y)*) lif(^)) 


jc,y 


= ((([l^C^f)] — /c) ljr, ljr), 

then implies that ip £ H^°(X, JFa.jv’)- 

So far we have shown that <p e H“(X, implies the Agler decomposition holds when re¬ 

stricted to any finite set F. A standard application of Kurosh’s theorem (see, for example, (28]) then 
gives the existence of the Agler decomposition on the whole of X. 

Now suppose that <p : X —» . ( £{-W: > ') and that (AD) holds; that is there is a positive kernel T e 
KCfc(A), if (J£)) such that for all x, y e X, 

1 - <pW<p(y)* = T(x,y) [E + {x)E + {y )* - £~(x)D~(y)*) . 

Fix a finite set F c X and an admissible kernel k <E Then on F x F, 

(l-y?(x)>(y))*(fc( x ,y)) 

= ((r(x,y))* [E + (x)E + (y)* — E~(x)E~(y)*^ *(k(x,y))) 

= ( r (xXZ + (x)Z+(y)*-Z-(x)Z-(yr) r (yf) *(fc(x,y)) 


r(x)£ft® [E + {x)WE + {xUT - E-{xn)E-[xUf) r (yT *{k{x,y)) 
y AeA J 

r( x )X Pa 0 (^AM fc ( x > - ^ x Mx.y)^ixT) rOO*) - 


AeA 


which is positive, since for each AeA, 

[ip+{x)k{x,y)ip+{ x f - xp~{x)k{x,y)xp~ x {x)*) = J*- *k> 0. 

Thus ip e /Tj^fX, X\ r .yf), and so (SC) and (AD) are equivalent. 

Assuming (AD), we show that p has a transfer function representation by employing a standard 
lurking isometry argument. To begin with, we have a Kolmogorov decomposition T = y*y, and by 
Proposition|2.l[ for all AeA, the entries of Z ± satisfy Xr(x) = p(Ej{x)) entry-wise (that is, for all 


A). Hence 


1 - p{x)p{yf = y{x)Z + {x)Z + {yfj{yf - y{x)Z (x)Z (y)*r(y)*, 


(4.2) 


and so bringing negative terms over to opposite sides of the equation, we have by the usual argu¬ 
fy a pF 

: if (<£ ©JF 1 ) such that 


ments the existence of a unitary U = 


[Z+{x)*r{xf\ 

V ¥>(x)* J 


A* C 

B* D 


C D 

z-{xfr{xf 

i 


A* C* 
B* D* 


s(x)*z+(x)*y(x) H 

i 


where S(x) = F(x)Z (x). Hence C = y(x)Z+(x)(l - S(x)A), and so 

y(x) = C(1 — S(x)A)' 1 F(x). 
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(4.3) 


Plugging this into the second equation, 

(p[x) = D + y[x)Z + [x)S[x)B 

= D + C(1 - S(x)A) _1 Y[x)Z + [x)S[x)B 
= D + C(1 - S{x)A)~ 1 P{x)S{x)B 
= D+C[l-S[x)A)~ 1 S[x)B 
= D+ CS(x)(l - ASM) -1 B; 

that is, ip has a transfer function representation. □ 


4.2. Realizations for ample preorderings. The realization theorem Theorem 4.2 has the draw¬ 
back that having a transfer function representation is not enough to ensure that a function is in 
Hf[X, There are circumstances in which this difficulty can be circumvented. For example, 

if 4' contains d test functions over a set X and A = {e 7 -}^ =1 (which is the classical setting), we have 


the result presented in Theorem 2.13 


The reason we get so much more with the classical realization theorems is that the auxiliary test 
functions are the same as the test functions and these are by construction in our algebra. As it 
happens, with ample preorderings, something similar occurs (Theorem |2.19f . One consequence 
of the next theorem is that in the setting of ample preorderings, H°°[X, Zdyjf) inherits its norm 
from the transfer function algebra ST[fX, A, Jf), and in fact the two are equal, thus strengthening 
Lemma l3.10l in this context. 


Theorem 4.3 (Realization theorem, II). Supposed = {ijj \,... ij'd\ is a collection of test functions and 
A is an ample preordering. The following are equivalent: 

(SC) <p&H™(X,X K *e); 

[ADI ) There exist positive kernels T A : X x X —> F£ [■-W : ) so that for all x,y <eX 

- ip[x)ip(y)* = ^T A (x,y) J^[([l] - f’tfx^ify)*) 

AeA tj-sA 

(AD2) There exist positive kernels f A Y£(0 ) \.yp) so that for allx,y e X 

1*? - ip{x)ip{y)* = A (x,y)([l c iA|] - cr A (x)cr A (y)*) 

AeA 

( TF) There is a colligation Y. = [U,p,<§) so that <p = 14T; 

[vN-a) For eveiy representation ofH°°[X, ZtTyye) which is strictly contractive on auxiliary test func¬ 
tions or which is contractive on auxiliary test functions and either strongly or weakly con¬ 
tinuous, ||7r(</>)|| < 1. 

Proof The proof that (SQ<=^(ADI) follows directly from Theorem |4.2| A straightforward factoriza¬ 
tion shows that [AD1)=>[AD2). The standard lurking isometry argument as in that theorem then 
gives ( AD2)=>[TF ). That the weak form of ( vN-a ) implies the strong form which then implies the 
strict form is also immediate. 

By Theorem|2.19| the auxiliary test functions are in Hf[dY a,c" ) for appropriate n and these func¬ 
tions generates the same collection of admissible kernels. Using the fact that the operator in the 
colligation for ip is unitary, the usual sort of calculation shows that if ip has a transfer function 
representation, then for G = C(1 - SA) _1 , 

{[l-p[x)p[y)*k[x,y)) = (G(x) ((1 -S(x)S(y)*)fc(x,y)) G(y)*) > 0, 

and so (TF)=>(SC). 
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If n is a representation of which is strictly contractive on auxiliary test functions, 

and if we interpret 

n{ip) = D <S> 1 + C <8> 7i(S)(l ® 1 - A <g> tt(S))' 1 B <S> 1, n[S) = ^ P\ <8> n{c t%), 

AeA 

then a nearly identical argument to that of the last paragraph shows that 1 — n(ip)n(ip)* > 0; that 
is, n is a contractive representation of H°°[X, Hence (IF) implies the strict form of ( VN-a ). 

On the other hand, if n is only assumed to be weakly continuous, then we argue as in [25j, first 
scaling A and C to rA and rC for r < I and calling the resulting functions ip T , then approximating 
<p T by polynomials in S as at the end of the proof Theorem |33| The representation is easily seen to 
be contractive on these polynomials. Since these can be chosen to converge pointwise to ip r , the 
representation is contractive on ip r for all r. Taking r to 1 we have pointwise convergence to ip, and 
so once again, 1 - n[ip)n[tp)* > 0. 

Finally, suppose that the strict form of ( vN-a ) holds. Fix ip e H°°(X,J(F\^). We show that for 
k e ([1 ye\ — ifif*)*k > 0, and so (SQ holds as well. For this, it suffices to prove that for fixed 

k e ■X'a.j?’, C [1 — ifif*)*k>0 when we restrict to a finite subset F c X. So fix a finite set F c X. 

On F replace the test functions by r = {ip r = rip : ip e fy}, where r > 1 is sufficiently close to 1 
so that sup^ e4 , r \ip r {x)\ < 1 for all x e F (this is possible since F is finite). Define in the same way 
as before, 'tf r K yY on F with these test functions, as well as H°°(F, AF' Kye ). 

Since for k r e and AeA, 

| _ [([ljd - lpl*p})*k r = pr (O 2 - 1)[1*?] + [1m?] - V'r.t 0*,f) * k >■ - °> ( 4 - 4 ) 

teA 

so it follows that Jf A r ^ c X A ,xe on F. Hence H°°(F, X A ,xe) := H°°(X, JF a ,^)\f 9 H°°{F, 

Hence, we view H°°(F, J^a.m’) as a subalgebra of H°°{F,.XF^ y( ,) endowed with the H°°(F, 
norm, which we write as || • || r . For k r e - /e , the map n taking / e H°°(F, JFa,^) to Mf on H 2 [k r ) 
defines a strictly contractive representation of H°°(F, since \AA\ implies that for ip e T, 

ll^llr < 1/r. It follows then that under the assumption that the strict form of ( vN-a ) holds for ip, 

([1^°] — ip*ip)*k r > 0, k r £AF;^. (4.5) 

Fix k e For any r > 1 as above, the kernel k 0 defined by 


k 0 [x,y) 


f k{x,x) y = x; 

0 otherwise, 


defines a kernel in Fix t e (0,1). We show that t k — (1 — t)ko e XF r Kye for any r > 1 and 

sufficiently close to 1. It will follow then that for such r and for all AeA, 

teA (4 6) 

= n [*([!] - ^Pl)* k + (1 - t){[ 1] -ip r A'* ri )*k 0 - t{r 2 - l)ipeip* t * k] > 0. 

teA 

We do this by proving that in this case, 

(f - -ipr,eip* rie )*k Q > t(r 2 - l)Y[iptipi*k. 

le A (e A 

Assume that k{x,x) > 0 for allx e F. We can do this since if k(x,x) = 0 for some x, then k[x,y ) = 
k[y,x ) = 0 for all y. So without loss of generality we restrict to F' c F with the property that 
the diagonal entries of k are strictly positive. Since F is finite (1 — OllfeA^ 1 ] ko is a 
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diagonal matrix with diagonal entries of the form (1 — 
r 2 \ipe(x)\)e > 0 for some e > 0. 

Hence it suffices to show that for 1 F the usual identity matrix over ci F i, 


e(l-0 

t 


n- 


r 2 \xp{x)\ 


teA 


r 2 — 1 


1 / 


1 ljj? > 




* k. 


teA 


However, as r \ 1, 


1 — r z \ip(x)\ 


Z oo. Thus for r sufficiently close to 1, ( ]4.6D is satisfied. 


and k <E and t 


Since {43) holds for all sufficiently small r > 1 and k r e it follows that for all all such r 

( 0 , 1 ), 

([l i x’]-ipip*)*[tk + [l-t)k 0 ]>0, 


and so taking t Z 1, we have ([1 #>\ — ip ip*) * k > 0 on F x F. The set F c X was arbitrary, and so we 
conclude that ip e □ 


Corollary 4.4. With A an ample preordering, H°°(X, W^xe) is isometrically isomorphic to 
^{X,A, Jif) and A(X,XLa.m’) is isometrically isomorphic lo ■T A (X,A,.W). 


Corollary 4.5. Let A be an ample preordering over d test functions. Then any strictly contractive 
or weakly continuous contractive representation ofH OD (X, J^a.m’) which is 2 d_1 -contractive is com¬ 
pletely contractive. Likewise, any 2 d ~ l -contractive representation of A(X, .Z\,m) is completely con¬ 
tractive. 


Proof. This follows from the last two theorems since a representation which is 2 d 1 -contractive is 
contractive on auxiliary test functions. □ 


4.3. Agler-Pick interpolation. It is now standard practice to apply the realization theorem to Pick 
type interpolation problems. 


Theorem 4.6 (Agler-Pick interpolation). Let A be an ample preordering, Xq c X. For each x <E Xq, let 
a x ,b x <s L£{.Af:). The following are equivalent: 

( i ) There exists ip e Hf{X, ?%A,je) such that for all x e Xq, b x = ip[x)a x ; 

(ii) There exists a positive kernel T :X 0 xX 0 —> Q,(A, Jzf(J'ff)) so that for all x,y el 0 

[(fa x a*-b x b*)®ln)*k„(x,y)j >0, 

where k a = - cr^ m [x)crA”fyT)~ 1 and n = 2W -1 . 

Proof. The proof follows the first part of the proof of the realization theorem, giving a transfer 
function W such that b x = W(x)a x for all x E Xq. This transfer function is well defined for all xeX, 
and hence W extends to ip <E FLf(X, AYa,j^). □ 


In the case of the bidisk, the function a will be a 2 x 2 matrix valued inner function, and though 
heavily constrained, it will not be uniquely determined. For practical purposes it would be very 
interesting to know a concrete example of a choi ce of a. 

Taking b x = f~5 for all x e Xq = X in Theorem ■ 


4.6 


gives the so-called Toeplitz-corona theorem. 


We need a special case of this, stated in the following lemma. 


Lemma 4.7. Let A be an ample preordering. For?. e A, there exist cox with entries in H co [X,XLa) such 
that for all x € X, ipt{x)oj/(x) = I. Consequently, given a unitary colligation (U ,8, p ), there exists Y 
with entries in H°°{X, such that for all x, Z + (x) F(x) = 1. 
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Proof. Recall from the definition in subsection |2.7| ipt : X — »C 2 ' Ahl with entries which are products 
of test functions and hence in Hf(X, PFa) and the first entry equal to 1. If we replace this 1 by 0 and 
call the resulting function i/> then we see that for any admissible kernel k, 

(IP+IP+* - [1 ])*k a = {$$$+*) *kcr>0, 

where k a is as in the statement of Theorem |4.6| 

Now apply Theorem |4.6| to get a function in co- A e Hf(X, :/<' K c2 p_i- 1 ). It might be objected that the 
j/’^s are not square matrices, but this can be rectified by padding with rows of zeros. The definition 
of Y in terms of the to a s then yields the final statement of the theorem. □ 

Corollary 4.8. Let A be an ample preordering, ( U,<S,p ) a unitary colligation. Then for S and Y 
chosen as in Theorem \2.19\ andLemma \4 X\ 

y(x) := C(1 - S(x)A) -1 F(x) 

is the pointwise limit functions in H°°(X,JFa,^’). 

Proof. By the now standard arguments whereby we scale A and C to rA and r C, 0 < r < 1, approxi¬ 
mate r C(1 — S(x)M) -1 by polynomials in S and then take limits, the result follows since the entries 
of S and Y are in H°°(X, PFa,#?). □ 


4.4. Brehmer representations again. Using the last corollary, we can now include a statement 
concerning Brehmer representations to the realization theorem for ample preorderings. 


Theorem 4.9 (Realization theorem, III). Suppose 4' = {ip 1 ,... ip ( j\ is a collection of test functions 
and A is an ample preordering. The following are equivalent: 

(SC) ^eU“(X,jr A ,^); 

( ADI ) There exist positive kernels T A : X x X —> F£ (M) so that for allx,y e X 

1 - (p{x)ip{yT = ^r A (x,y) ]^[([i] - ijWiptjiyT ) 

AeA tjSX 

(AD2) There exist positive kernels f x ’ X x X ^ f£[fPf ) f.'/T) so that for all x,y eX 

1 - ip(x)ip(yf = ^f A (x,yX[fcw] - cr x {x)cr x{yf) 

AeA 

(TT) Thereisa unitary colligation Y. = ( U, p , S) so that if = Wv; 

( vN-B) For every strict / strongly continuous / weakly continuous Brehmer representation n of 
H°°{X,JFa,^>), ||7r(y0|| < 1; 

( vN-a ) For every representation ofH°°{X, 2 /Fa,. xe) which is strictly contractive on auxiliary test func¬ 
tions or which is contractive on auxiliary test functions and either strongly or weakly con¬ 
tinuous, ||7r(y>)|| < 1. 


Proof. The equivalence of all parts except for ( vN-B ) are the content of Theorem 4.3 Since by 


Lemma |3.10| representations which are strictly contractive on auxiliary test functions are strictly 
contractive Brehmer representations, to finish the proof it suffices to prove that if (ADI) holds, then 
any weakly contractive Brehmer representation is contractive. 

We can rewrite the statement of (ADI) as being that that there exists a positive kernel T with 
Kolmogorov decomposition T = yy* such that for all x,y, 


l-tp(x)ip(yf = y(x)(Z + (x)Z + *(y)-Z (x)Z *(y))f. 
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A lurking isometry argument then gives that there is a unitary operator U = 




, so that 


C = y(x)(Z + (x)-Z~(x)A). 

According to Lemma [4?7| we can choose S with entries in H 00 (X,XLa) to be strictly contractive for 
all x, and so y(x)Z + (x) = C(1 — S(x)A) -1 . Applying Lemma 4.7 we can choose Y with entries in 
such that for all x, Z + (x)Y(x) = 1, and hence 


r(x) = C(l-S(x)A) 1 F(x), 

which by Corollary |4.8| as a limit of functions in H co (X,Xl\je). The lurking isometry argument also 
gives that 

ip(x) = D + y(x)Z~(x)B. 

Let n be a weakly continuous Brehmer representation. If y has entries in H°°(X, 2%A,xe), then 


n(ip)=l®D + (n(y)n(Z ))®B, 


where we are using the shorthand notation of “n(y)” and “7i(Z - )” for the entrywise application of 
n to these functions. A straightforward calculation using the fact that JJ in the colligation is unitary 
gives 

1 - n(ip)n(if)* = n(y)(n(Z + )7z(Z + f - n(Z~)n(Z~)*)n(y)* > 0. 

More generally, we approximate y by function with entries in H°°(X, JYyxe)- Taking limits, we still 
find that 1 — n(if)n(ip)* > 0; that is, n is contractive. □ 


We close this section with an analogue of Brehmer’s theorem. 


Proposition 4.10. Let n be a Brehmer representation ofA(X,X\,xe) or weakly continuous Brehmer 
representation ofH' x> {X,^Lx,xe) c Cb(X,£d(J/Y)). Then n dilates to a (weakly continuous) Brehmer 
*-representation n of Ci,(X,L£(.W]). 


Proof. This follows from Corollary|4.4|and Theorem 3.11 


□ 


4.5. Algebras generated by two test functions. Brehmer’s original theorem is a dilation theorem 
which works over the polydisk, but requires a special class of representations. On the other hand, 
for the D 2 , Ando’s theorem shows that such dilation results hold for a broader class of represen¬ 
tations. We first state a bidisk version of the realization theorem. The emphasis here is on the 
equivalence of the two versions of von Neumann’s inequality, since by Lemma 3.10 the collec¬ 
tion of representations which are strictly contractive on auxiliary test functions is the smallest set 
of representations we consider, while the weakly continuous Brehmer representations form the 
largest set. 


Theorem 4.11. Let ip : D 2 —> if(JF). The following are equivalent: 

(SC) ([1] -ipnp*)* k s > 0, k s (z, w) = (1 - Z\Wi)~ l (l - Z 2 W 2 )~ X , or equivalently ip € Hf > ( D 2 ,if(Jff)); 
(ADI) For eveiy admissible kernel k e [k > 0 : (1 — ZjZ*)*k > 0, j = 1,2}, we have( 1 — ipy>*)*k > 0; 
(AD2) There exist positive kernelsY\, Y 2 such that [1] — ytp* = Ti * ([1] — Z\Zf) + Y 2 * ([1] —ZfZf), 
where Zj(z) = zj; 

(vNl) y e JT°°( B 2 ,JZ(JY’)) and for every weakly continuous Brehmer representation n (so 
1 - n(zi)n(z\f - n(z 2 ) 7 i(z 2 T + n(zi)n(z 2 )n(zifn(z 2 T > 0), we have ||7t(<^)|| < 1; 

(vN2) if e H°°( B 2 ,JZ(JY’)) and for every strictly contractive representation n (so ||7r(z;)|| < 1), we 
have\\n(if)\\ < 1. 
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We next show how to generalize this to algebras over general domains generated by a pair of test 
functions. 

Let us assume that 'I' = {ipi,ip 2 } is a collection of test functions on a set X and A be the stan¬ 
dard ample preordering with maximal element (1,1), while A 0 = {(1,0), (0,1)}, the nearly ample 
preordering used for the standard realization theorem. Write Xf 0 for the set of admissible kernels 
associated to Ao; so k E Jko means that k > 0 and ([1] - > 0, j = 1,2. 

By assumption, for each x E X, max{\ipi(x)\,\ip 2 {x)\} < 1 and the elements of ^ separate the 
points of X. Hence by Lemma |2.17| there is an injective mapping q of X onto a subset 12 of B 2 given 
by £ : x —> z = (z u z 2 ) = if i(x), *Mx)). 


Theorem 4.12. Let = {ip i, ijj'/} be a collection of test functions on a set X. Let A be the ample 
preordering with maximal elemental, 1), Ao the preordering {[ 1,0),(0,1)}. For ip : O 2 —> if (J^f), the 
following are equivalent: 

( SCI ) p e Hf [X, -Xk,.<£(.•//)), the closed unit ball ofH°°[X, X\,.r(,^)); 

(SC2) tp E Hf(X, X\ n ,//(,^)), the closed unit ball ofH°°(X, X\ 0i .r(,^)); 

( vNI ) tp e H°°(X, ■vL\ 1 //(,^)) and for every weakly continuous Brehmer representation n, we have 
\\n{p)\\<l; 

( vN2 ) p E H°°[X,Pb A 0 ,^>(jj°)) and for every strictly contractive representation n (50 ||7i(i/q)ll < 1), we 
have\\n{p)\\ < 1. 

In particular, A and A 0 are equivalent preorderings; that is, H°°{X, = H°°{X, •2C\,//(.^ ))- 


2.17 


Proof The implication (SC2) implies (SCI) is trivial, while {vNl) is equivalent to (SCI) and (vNZ) 
is equivalent to (SC2) by Theorem |4.3| We therefore only need to show that (SCI) implies (SC2). 

Assume p E Hf(X, ■ Using the embedding of X in the polydisk given in Lemma 

we let p = p o c _1 . Fix A = (1,1). We suppress the dependence on A in the following, writing ip + = 
(l ^iV' 2 ), = (fp 1 and (To = ip + *\ip + \~ 2 ip~. When composed with f -1 these become 

?/S + =(l Z 1 Z 2 ), ip~ = (z\ Z 2 ), anddo = i[) + *\f + \~ 2 ip~ onf2 = £(X) c O 2 . 

By Theorem 2.19 do extends to an auxiliary test function d E iT°°(0 2 ,M2(C)) corresponding to 
A. Set cr = (djf2) o f. Easy calculations show that xp + cr = ip~ and ([I 2 ] - crcr*)*{k s ® I 2 ) > 0, where 
k s {x,y) = (1 — j/q(x)i/q(y)) _1 (l — <Mx)iMy)) -1 . I n other words, cr is an auxiliary test function 
corresponding to A = (1,1), this time over X. 

Also by Theorem pLT9j p E Hf{X, .AA,/z(.^)) if and onl Y if (I 2 ® ~ Pp*))* k a ® 1 s£{xe) > 0, 

where /Co-(x,y) = (I 2 — cr(x)cr(y)) -1 . Translating over to 12, this becomes 

(I 2 ®([ls?(.*i?)] ~ PP*))*ko ® > 0, 


on 12 x 12, where k& is defined analogously to k a . By Theorem 4.6 p extends to a function in 
iT°°(D 2 ,if(Jif)), and so by Agler’s realization theorem in the case of the bidisk (Theorem [ 2 / 7 }, p 


Tfij^O 2 , J^A 0 ,^(^f)). Restricting to 12 and mapping back to X, it follows that p E 


[X, !£(.•#))■ 

□ 


4.6. Realizations with nearly ample preorderings. It is now possible to extend the results of the 
previous section to more than two test functions. Following the template set there, we first do 
this over the polydisk, thus obtaining a generalization of the results in [30], and then to general 
algebras obtained with a finite collection of test functions. We begin with a d -variable version of 
Theorem l4.11l 

Throughout this section we assume that we have the standard ample preordering A a = {1} over 
the collection of test functions is = { ipi,...,ipd }, where here 1 stands for the d -tuple with all 
values 1, and a standard nearly ample preordering A na = {Ai, A 2 }, where A; is a d-tuple with the 
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jith entry equal to 0 and all others equal to 1, and A | / A 2 . In the first case, the collection of kernels 
is particularly simple. By Lemma [2~4] they are all subordinate to the so-called Szego kernel, k s . In 
the nearly ample case the set is more complex, since then 

k e := {k > 0 : ]^[(1 - ipjip*j)*k > 0 and ]^[(1 -ZjZ*)*k > 0, j = 1,2}. 

Jfii j¥=j i 


Recall from Theorem 2.12 that over the polydisk with test functions equal to the coordinate func¬ 
tions, the algebras we get from these two collections of kernels are the same, with equal norms. 
Also, since by Lemma pL2| {l,Ai, A 2 } is also an ample preordering equivalent to A", by Theorem |2.19[ 
for any collection of d test functions over a set X, we have that the auxiliary test functions a 1 e 


H c 


3 {X, Jf Ac2 d-i) and a Al , ct )_ 2 e H a 


\X,X h 


main theorem of 


A,C 2fl 


2). Thus we have the following generalization of the 


Theorem 4.13. Let ip : The following are equivalent: 

( SCI ) ([1] — pp*)*k s >0, or equivalently, ip <s H < f{p d ,T£{^Ff); 

(SC2) For every admissible kernel k e , ([1] — pp*)*k> 0; 

(AD) There exists a positive kernels T, Ti, T 2 such that 

d 

[ 1 ] - w* =r*f[([i] -z ; -z;)=r 1 *f[([ 1 ] -ZjZ*)+r 2 *Y[([i]-ZjZ*), 

j =1 M/i i^h 

where Zj[z) = Zj; 

( TF) There are unitary colligations T. a andY. na in the ample and nearly ample setting respectively, 
such that p has transfer function representations 

T=Wz a = Wfcna’ 

{vN-a) ip e H°°{ n d ,^F) = = iT°°(D d , JkX na ,^) and for every representation n which 

is strictly contractive on the auxiliary test function a 1 ( respectively ; the auxiliary test func¬ 
tions cry , cj/ f), or contractive on these and either strongly or weakly continuous, we have 

IWyOII < 1 ; ‘ 

{vN-B) ip e H°°{ D d , Jf) = H°°(O d ,ZZxyw) = H°°{O d , ) and for every representation n which 

is a strict/strongly continuous/ weakly continuous Brehmer representation with respect to 
A a {respectively, A na ), we have\\Ti[ip)\\ < 1. 

There are also statements regarding transfer function representations which we have not in¬ 
cluded here. 


Proof of Theorem \4. 1 3| This follows immediately from Theorem 2.12 and an application of the re¬ 
alization theorem to the two equivalent preorderings A a and A na . □ 


We now state a d -variable version of Theorem 4.12| As usual, k s stands for the Szego kernel 

nfcm-w 1 . 


Theorem 4.14 (Realization theorem, IV). Suppose 'L = { ip 1 ,... ijyj} is a collection of test functions 
over a set X, A na is a standard nearly ample preordering under the standard ample preordering 
A a = {1}. The following are equivalent: 

( SCI ) ([1] — pp*)*k s > 0, or equivalently, ip e Hf{ J£a° ,,?*?); 

( SC2 ) For every admissible kernel k € .'AL\na, ([1] — ip ip*)* k> 0, or equivalently, p e D' | x '(.>A\«<j,^); 
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(AD) There exists a positive kernels F, F|, F 2 such that 

d 

[i\-<PV* = r*Y\([i}-ZjZ*) 
j= i 

= Fi * na 1] -ZjZ*)+ r 2 * Yl ([1] - z i z P- 

i j #;'2 

where Zj{x) = ipj[x); 

(TF) There are unitary colligations T. a andY. na in the ample and nearly ample setting respectively, 
such thatip has transfer function representations 

T = w z a = 

( vN-a ) ip £.H co {X,PZ\a :ye ) = H co {X,PZkna i j e ) and for every representation'll which is strictly contrac¬ 
tive on the auxiliary test function a i ( respectively ; the auxiliary test functions (J) A , or 
contractive on these and either strongly or weakly continuous, we have ||7r((/?)|| < 1; 

( vN-B ) ip e H°°{X,P(f\a^>) = H cc {X,yZte ,a ,Je) and for every representation n which isastrict/strongly 
continuous / weakly continuous Brehmer representation with respect to A a 
(respectively ; A na ), we have ||7z:(</?)|| < 1. 

In particular, the theorem implies that A a and A na are always equivalent preorderings. 


Proof of Theorem\4. 14\ The idea is very much like that in the proof of Theorem |4.12| As we did 
there, we use the embedding £ of X in the polydisk given in Lemma 2.17 and Theorem 4.6 to get 


a function (p in fT“(D d ,if(Jif)), which when restricted to the image of X under E, pulls back to 
tp. Applying the polydisk realization theorem (Theorem 4.13 to (p, we obtain the equivalence of 
the various statements in the theorem over the polydisk, and then pulling back to X the result 
follows. □ 


The Hilbert space -TT is arbitrary in the last theorem, so we get the following corollary, gener¬ 
alizing Brehmer’s theorem and a result in [30], via its obvious specialization to H^{D d ,S£(M)). 


Compare with Theorem 3.11 


Corollary 4.15. Suppose T' = {ipi,... ipd} is a collection of test functions, A na is a standard nearly 
ample preordering with maximal elements Af and ?JJ‘. Letn:A(J>Z\nacg^)^Sd(dZ) beaBrehmer 
representation. Then n is completely contractive and so dilates to a completely contractive represen¬ 
tation ft of the C* -envelope of /4(./F\n« i //(^fj) with the property that it is the only completely positive 
agreeing with n\A{PZ\na,^^). 


5. Some applications 

We give some more or less immediate applications of the material presented. For example, the 
following, which is the main result of [30], is the last corollary applied to the polydisk. 

Corollary 5.1. Let >1' = \z \ ,... z,i\ be the coordinate functions on B d , A na a standard nearly am¬ 
ple preordering with maximal elements A’f and A™. Let n : A(O rf ,i?(J i f’)) —> be a Brehmer 

representation. Then the contractions 7i(zj) dilate to a commuting unitary operators. 

Another interesting corollary of the realization theorem is a sort of weak form of the rational 
dilation property. 
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Corollary 5.2. Let >5 = \ij) ],... fd\, d > 2, is a collection of test functions, A a standard ample 
preordering. Then any 2 d ~ z -contractive representation of ) or weakly continuous 2 d ~ z - 

contractive representation ofH°°{X,Jfc\je) is completely contractive. 

Proof. This follows from Lemma |3.10[ the last corollary and the fact that the auxiliary test functions 
with a standard nearly ample preordering are in H°°(X, XX K c2 »), n < d — 2. □ 

On the polydisk, we then get the following. 

Corollary 5.3. For the polydisklS) d , d >2, any 2 d ~ 2 -contractive representation of A(B d } .X'(M)) or 
weakly continuous 2 d ~ 2 -contractive representation ofH°°{is completely contractive. 

This implies that 2-contractive representations of the tridisk algebra are completely contractive. 
In particular, examples like that due to Parrott of contractive representations of this algebra which 
are not completely contractive can only fail to be so by failing to be 2-contractive. 

Corollary 5.4. Any representation of A{fj 3 ,. ( £{.W;')') or weakly continuous representation of 
H°°{which is 2-contractive is completely contractive. Equivalently, any such represen¬ 
tation which is not completely contractive must fail to be 2 -contractive. 

Here are a couple of other examples involving two test functions. Let X be an annulus A with out 
boundary the unit circle T and inner boundary rT for some 0 < r < 1. Choose for test functions 
the set T' = {ip\{z) = z,ip 2 {z) = r/z }. By what we have shown (see also |37|), contractive repre¬ 
sentations of this algebra are automatically completely contractive, and so the rational dilation 
property holds. The rational dilation problem for the annulus was originally solved by Agler in [Q 
(see [25] for an alternate proof). It can be shown that although A(X, and A (A) have different 
norms, they are the same algebra, and in fact as operator algebras they are completely boundedly 
equivalent [24] (see also 111]). One might naively expect that this would give yet another approach 
to solving this problem, but unfortunately it does not. Indeed, the same phenomenon occurs for 
multiply connected planar domains [24]. 

To perhaps better illustrate what might happen, consider instead the disk D with test functions 

= {ipi (z) = z 2 ,ip 2 [z) = z 3 }. This is an example of a constrained algebra, since A{X, PFf) consists 
of functions with first derivative equal to 0 at the origin. This algebra differs from the subalgebra of 
the disk algebra of functions with derivative 0 at the origin (that is, C + z 2 A(D)). For the latter, one 
can find examples of contractive representations which are not completely contractive (ie, rational 
dilation fails) [25], while for A(X, JtA), by what we have shown, it holds. Indeed, for A(X, XXf), a rep¬ 
resentation which maps the two test functions to contractions (satisfying the obvious constraint 
that Ti(ip i) 3 = n{ip 2 ) 2 ) is completely contractive by Theorem |4. 12| and Corollary |5.3| while there are 
examples of such representations of the constrained subalgebra of the disk algebra which are not 
even contractive (much as in the Kaijser-Varopoulos example) [25l . 

6 . Conclusion 

When we have more than two test functions over some set X, there will be preorderings with 
their associated algebras for which we cannot say much beyond what is in our initial realization 
theorem, Theorem |4.2[ In particular, we do not know if the auxiliary test functions can be extended 
to matrix valued functions in our algebra, as we have in either the classical case or the cases of 
ample and nearly ample preorderings. We also wonder if there are other types of preorderings 
other than the ample and nearly ample ones which are equivalent. 
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It would be nice to know more concretely what the auxiliary test functions are, particularly over 
polydisks. The knowledge of this could provide a key tool in resolving a number of questions re¬ 
garding the connection between Schur-Agler class in the classical sense and H 00 over these do¬ 
mains, and hence resolving some of the mysteries surrounding these algebras. One immediate 
question is whether for d > 3 there are [2 d ~ 2 — l)-contractive representations which are not com¬ 
pletely contractive (that is, are the bounds in Corollary |5.3| sharp?). Another is whether contractive 
representations of the polydisk algebras A(W l ) with d > 3 are necessarily completely bounded. 

It would also be useful to know a norming set of boundary representations for the Agler algebra 
in the classical setting. Over the tridisk any representation sending the coordinate functions to a 


commuting tuples of unitaries are included (if we ignore irreducibility), but as we also saw in * 3.4 


other sorts of representations are also there. In the concrete examples given, these all send the 
coordinate functions to nilpotent partial isometries. As was mentioned, there will be examples of 
boundary representations which come from neither tuples of commuting unitaries, nor commut¬ 
ing tuples of nilpotent operators, but these in between cases are somewhat mysterious. Perhaps, 
up to unitary conjugation, they always send the coordinate functions to tuples of commuting par¬ 
tial isometries? However, from Kaijser-Varopoulos example, one sees that this alone is not enough. 
Note that the boundary representations coming from commuting unitaries are 1 dimensional, and 
our examples of nilpotent boundary representations are all finite dimensional. Is it the case that 
there is an upper bound to the dimension of all boundary representations? Though this seems 
unlikely, there is no obvious proof. There will be Schur-Agler class functions which peak on the 
boundary representations. Are they related to the polynomials from which these examples are ini¬ 
tially drawn? In any case, for the nilpotent representations, these will presumably be polynomials 
of the same degree as the order of nilpotency. 

What happens with the unit ball in C d , d > 1? It is well known that the unit ball of the Drury- 
Arveson algebra does not coincide with the unit ball of H°° of this space [6]. While one must be 
careful applying the results here in this setting since the test function is vector valued, it is still 
intriguing to speculate what algebras one might obtain with powers of the Drury-Arveson kernel. 

Finally, the resemblance of results from real algebra to those presented here is striking. Are there 
some deeper connections? For example, could one use the techniques here to find, at least in some 
circumstances, a proof of such results as Schmiidgen’s theorem? 
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